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Introduction

This work represents the direct continuation of its previous
Part I [27] and constitutes the uniform text with it. The author
has considered it natural to organize this work in such a man-
ner, that it continues all enumerations of [27] and among them
enumerations of chapters, paragraphs, definitions, statements and
formulas and even enumerations of comments and references as
well.

Also formulas, notions or symbols used in this work without ex-
planations have been already introduced in Part I [27] or gener-
ally accepted or used in remarkable text of Jech [18] “Lectures in
Set Theory with Particular Emphasis on the Method of Forcing”,
providing many basic notions and information and much more;
therefore here they are assumed to be known and will be used fre-
quently without comments.

So, it would be more convenient for the reader to familiarize pre-
liminarily with [27] and with the main notions and denotations of
this work at least in outline.

Anyway, it would be useful to get acquainted with the plan of all
the work beforehand and with the outline of developing basic ideas
as they are presented in [27] on pp. 9-18.

With this agreement in hand, the reader should remember that
all backward references to paragraphs with numbers less than 7
concern Part I [27], analogously for enumerated statements and so
on.

As to the content of this work and to the technical side of the
matter it should be noticed that it follows its previous edition [17]

9



10 Introduction

of 2000, but in the more systematic way.

Also it should be pointed out, that in this edition [17] and
foregoing works the author tendered to avoid the usage of new
terminology, especially private notions and symbols of his own,
over certainly necessary, because he was uneasy about difficulties
and unacceptance it may cause for the reader.

Nevertheless, the perception of the previous edition [17] by the
readers showed, that apprehensions of this kind are inappropriate
and, so, this usage is unavoidable all the same.

Therefore in the present work the author has taken another
stand and has considered more natural to involve all the system
of his own private concepts and definitions in the whole, which
he has developed since 1976, because it possesses the technical
and conceptual expressiveness and leads to the very essence of the
matter and, so, it would be too artificial to avoid its usage (see
comment 3 [27] as an example). Some statements have received
their strengthening; some details considered obvious in the au-
thor’s previous works, here have received their refinement; some
arguments have changed their places for the more suitable; also
some suitable redesignations are used.

But as for main constructions, one should note, that the present
work follows the edition [17] of 2000 but in the more clarified way;
the main result of this work: the system

ZF + 3k (k is weakly inaccessible cardinal)

is inconsistent; all the reasonings are carried out in this theory.
All weakly inaccessible cardinals become strongly inaccessible in
the constructive class L and therefore the reasonings are carried
over to the standard countable basic model

M = (on, €, :)
of the theory
ZF +V = L+ 3k (k is weakly inaccessible cardinal),
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and further k is the smallest inaccessible cardinal in 901. Actu-
ally only the formulas of the limited length from this theory are
used; moreover, the countability of this model is required only for
some technical convenience and it is possible to get along without
it (see “Preliminaries” [27]). In this model 90t the so called ma-
trix functions are constructed, possessing simultaneously the two
properties of monotonicity and nonmonotonicity, that provides

Main theorem (ZF)
There are no weakly inaccessible cardinals.

It implies the nonexistence of strongly inaccessible cardinals and
therefore nonexistence of all other large cardinals. These matrix
functions are constructed and treated by means of the elementary
language from the formula classes (see definition 2.1 [27]) of some
fixed level > 3 over the standard model

(Lk’ &, :)

and further all constructions are carried out by means of this lan-
guage (if the opposite is not pointed out by the context).

In addition in §12 some easy consequences of the Main theorem
and some well-known results are presented.
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Chapter 11

Special Theory: Matrix Functions

7 Matrix J-Functions

Here we are going to start the further development of the idea
of the Main theorem proof and to modify the simplest matrix
functions S;fal (see definition 5.14 [27]) in such a way that their
new specialized variants — the so called a-functions — will provide
the required contradiction: they will possess the property of <-
monotonicity and at the same time will be deprived of it.

Let us remind that the simplest matrix functions, which were

considered in § 5 [27], possess the property of monotonicity, but
it came out that the direct proof of the required contradiction —
the proof of their nonmonotonicity — is hampered by the following
obstacle: some essential properties of lower levels of universe do
not extend up to jump cardinals of matrices on their carriers,
which are values of the matrix functions.
In order to destroy this obstacle we shall equip such matrices with
their corresponding disseminators and as the result the simplest
matrix functions will be transformed to their more complicated
forms, a-function.

However, the direct formation of these functions seems to be
considerably complicated and some their important singularities
unmotivated.

Therefore in order to represent their introduction in the more
transparent way we shall beforehand undertake the second ap-

13



14 Chapter II. Special Theory

proach to the idea of the Main theorem proof and turn attention
to their more simple forms, that is to the J-functions.

To this end we shall apply results of §6 [27] for m = n+1 and the
fixed level n > 3, but the notion of disseminator matrix should
be sharpened; all disseminators in what follows will be of of the
level n + 1 (see definition 6.9 [27]).

Definition 7.1
Let
y<a<a Lk

1) We denote through K} =% (y,a) the formula:

SIN 1 () AVY <7 (SINS* (7)) — SINS*(Y)) .

If this formula is fulfilled by the constants -, «, a1, then we
say that o conserves SIN;“'-cardinals <y below «;.

If S is a matriz on a carrier « and its prejump cardinal a,U(
after x conserves these cardinals, then we also say that S on
« conserves these cardinals below .

2)  We denote through K3, |(x,6,v,,p,S) the Il,_o-formula:

o, 0, S) AL () AXx<I<y<aAS<p<xT  Ap=pA
<o¢U <0¢U
ASINZX(8) A SIN2Y [< p] (6).

Here, remind, the 11,,_o-formula o(x,«,S) means that S is the
singular matriz on its carrier « reduced to the cardinal x (see
definition 5.7 [27]); & is the disseminator for S on o with
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the base p of the level n+ 1 (definition 6.9 [27]); the upper

ndices < 0@% mean the bounding of the formula quantors under

constideration by the prejump cardinal aiﬁ (see also definitions
2.8, 5.9 [27]); p is the closure of p wunder the pair function; and
Lj=*(x) 1is the Ap-property of the cardinal x saturation below

a (see definition 6.9 4) [27]):
X < aASIN;%(x) AXrng (gfﬁmx) € By Asup dom(gflqu) =X.

We denote through K<*'(x,d,v,a, p,S) the formula:

K = (y,ad) A K39 (x, 0,7, 0, p,8) A < o .

3) If this formula is fulfilled by the constants x, 0, v, «, p, S,
a1, then we say that x, d, a, p, S are strongly admissible for
below «g.
If some of them are fixed or meant by the context, then we say
that the others are also strongly admissible for them (and for ~y)
below o.

4)  The matrix S s called strongly disseminator matrix or,
briefly, d-matrixz strongly admissible on the carrier « for v = =
below «y, iff it possesses some disseminator 0 <~ with a base
p strongly admissible for them (also below aq).

In every case of this kind J-matriz is denoted by the common
symbol 6S or S.

If ay =k, or ap is pointed out by the context, then the upper
dices < a1, < a1 here and other mentionings about <1 are
dropped.

_|

Further up to the end of § 7 the notions of admissibility and of
d-matrices will be considered to be strongly notions, so the term
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“strongly” will be omitted. All matrices will be considered to be
d-matrices; as the reducing cardinal y in what follows will be
used the complete cardinal x* (see definition 5.4 [27]) — if the
context will not indicate some other case.

Here one should pay attention also to the notion of the cardinal y
saturation below «, that is to the Aj-property Lj<%(x); from
lemma 5.5 [27] it follows, that x* is the cardinal saturated below
any o> x*, a€ SIN, -.

The symbol x* in notations and formula writings will be often
omitted for some shortening.

Further every bounding cardinal «; will belong to SIN,_o and
hold the condition

X <o <k A AT(C) = [ug )], (7.1)

n

or a1 =k (unless otherwise is specified by the context).

The cardinal «; < k here with this property will be called
equinformative (equally informative) with the cardinal x*.
This term is introduced here because of the phenomenon: no 3,-
proposition ¢(l) has jump ordinals after x* below «; (see
definition 2.4 [27]). It is not hard to see, that it is equivalent
to the following: for every generic extension IMM[I] every II,-
proposition (l) which holds in 9M[l] below x*, thereafter
holds in this extension below «a; due to (7.1) and «; € I, _o;
thus every IL,-proposition ¢(I) holds or not in both cases simul-
taneously for every generic extension [I] (see also comment
7 [27] to illustrate the importance of this notion).
One should pay attention to the important example of such cardi-
nal: the prejump cardinal ai* after x* of every matrix carrier
a > x*. Besides, it will be always assumed for x* and «; that

Vy < aq3y € [y, a1 SINS* (V) A cef(ag) = x**

for convenience of some formula transformations.
The boundaries < a1, <1 a1 will be omitted, as usual, if a3 = k,
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or «j is meant by the context.

Definition 7.2
Let x* < aj.

1)  We call as the matriz 0-function of the level n below oy
reduced to x* the function

(53?0“ = (657°1),
taking the value for T:

§S= = min{S QAx* 36, a,p <y KSU(6,77 a, p, S) )

2)  the following accompanying ordinal functions are defined below
o’

e G e (D R SO R
taking the values:

5= = min{6 < v~ : da, p < Yt K= (0,77, o, p, 6S7N)

pr® =min{p < x** : Ja <y K= (3% 4=, p, 65591) )

<o : <oq <o v<Oé <o <1 <1
= min{a <y KE* (07 7% a, pr ™, 6579}

ar

For each matriz §S=' these functions define its generating dis-
seminator = <y~ along with its base p=®' and its carrier

<o
a . —

Using lemma 6.8 [27] it is easy to see, that here 4= is the
minimal with the base

prt = p1, pr = Od(0S7™),
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that is the closure of the ordinal Od(6S=%') under the pair func-
tion; thereafter such disseminator is called the generating eigendis-
seminator of 65~ on a:* below a; and is denoted through
5§<a1 (see also definition 6.9 2) [27]), and its base p=® is de-
noted through p><a1,

It is easy to obtain the following lemmas from these definitions
and lemmas 5.15, 5.16 [27]:

Lemma 7.3
For aj <k the formulas K=, K< belong to Ay and
therefore all functions

5S?Oél, (5f<041’ p?Oél’ Oé?al

are Aq-definable through x*,aq.
For oy = k the formulas K, K belong to %, and these
functions are A,i1-definable. —

Lemma 7.4 (About J-function absoluteness)

Let x* < ’yff‘ll <az<ag <k, apeSIN and

(5% +1) 0 SINF® = (17 +1) n SN,

then on the set

/ <
{': X" <" <M}

the functions
<ao S<as <ag <ag
5Sf ’ 5]0 ) pf ’ af
coincide respectively with the functions

551<Oc1 g<0¢1 < <o
foo foo

pf ) af
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The following lemma and the reasoning proving it present the
idea which will be applied further in various significant typical
situations:

Lemma 7.5 (About disseminator)
1) Let
(Z) ]T177—2[ = dOm(éS?al) , Y € SINn<Oz1,.

(i1) 73 € dom(éSJfo‘l) , T2 < T3;
(iii) 5501 < e

Then
g<a1 <01

S

2) Let o0-matric S on its carrier « be admissible for =
along with its disseminator & and base p below o1, then:

(i) {7':0< 7<a1 e dom(éS?al);

(ii) this matrix S along with the same 0, p possesses the

.o .o . / <o <041
minimal admissible carrier o € [y, v M .

Proof. 1) The upper indices < oy, < ag will be dropped. Let us
consider the matrix S% = §S,, and 53 = 5737 0% = pr,. Suppose
1) fails, then by (7i7)

Y < 0% < Yr, and 0 = Y4

for some 74 € |11, 72[. Let us observe the situation below, standing
on o =aY, . From (i) and lemma 7.4 it comes that

55’?“3 =0Sy on |, 7|
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. 3 . 3
and the matrix S* = 0S5 = 05, on the carrier a5 = ax,
has the disseminator

5t = 5’T<4a3 =57, < Yr, = 6° with the base p? = p§“3.

Now the argument from the proof of lemma 6.6 [27] should be
repeated. From 5% < 53 it comes that

p* < p® and that is why 6* ¢ ST e [< Prs ]

and by lemma 6.6 [27] (for m = n + 1) there exists some
Y -proposition  p(a, a) with the train @ of constants < p,
and some ordinal «g € [5 o?[ such that

Va < ag g0<’°‘3(04, @) A ﬁcp<°‘3(a0,7) .

The disseminaﬁorvg‘g’ restricts the proposition Ja—¢(a, @) below
a3, so ap€]0*, 8%[. The II,,i-proposition

‘v’oz,y(ﬁgp(a, @) — Iy (7 <31 ASIN,_1(7)A
A6 <a 3o, K(6,71,a, pt, 54))>

is fulfilled below 3 and hence 8% extends it up to o2, because
st < pg < p3.

3 X . .
Hence, for every =% > § there appears d-matrix S* admis-
sible on some carrier

ae [ o’ for 47

along with its disseminator 54 < 3% and the base pt.
From here it follows that below a? there are definable the minimal
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cardinal 0™ and the minimal base p"™ with this property, that
is fulfilling the following statement below «3:

Y™y > 4™ (SIN, 1(7) — 3o/, 8 K™, 7y, o, p™, 5)),

that is there exists 7™ < a3 such that for every ’yfa‘s ey, ol
there exists some J-matrix S admissible on some carrier
o€ [’ny‘S, o[ for fyfo‘s below a3 along with its generating
disseminator 3™ < ~™ with the base p™.

Obviously, 5™ < &3. Since the minimal value p™ is definable
below o2, by lemma 4.6 [27] about spectrum type, it follows

p™ < OT(8S,,) <1 Od(5S,,).

But then it implies the contradiction: there exist J§-matrix S™
on some carrier a™ € |7y, %[ admissible for v,, along with the
disseminator 0" < v, and the base p™ and by condition Ki 41

S™ 4 p™ < OT(5S,) < 0d(5S,,),

though 657, is <-minimal by definition 7.2.

Statement 2) (i) repeats lemma 5.17 2) (i) [27] and follows from
definition 7.2 immediately; while statement 2) (i7) one can estab-
lish easily by means of the argument of lemma 5.17 2) (i7) [27]
proof for the matrix S instead of S5 and for the formula K
instead of o; we shall return to this argument in § 8 in the more
important case. —

The unrelativized function §S; really does exist on the final
subinterval of the subinaccessible cardinal k& as it shows
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Lemma 7.6 (About J-function definiteness)
There exists an ordinal & < k such that 0Sy is defined on
the set

T={r:6 <~ <k}.

The minimal of such ordinals 0 is denoted by 0%, its successor
in SIN, by 6*' and the following corresponding ordinals are
introduced:

7—1* = 7(5*)7 = 7(6*1)7
so that §* = Ve O* = s,

and o*! = aﬂ*“ Pt = poar.

Proof consists in the immediate application of lemma 6.14 [27]
foray =k, m=n+1, x = x* —

Lemma 7.7

5* € SIN, n SINZo [< p*'] .

Proof. Let us consider the disseminator (5VT*1 with the base p*!
of the matrix 0S5,x1 on the carrier «,«1. Since

5*1 e SIN,, & s < o*!

and
§,s1 € SINT™ A SINZ [< p*'],

lemma 3.8 [27] implies 5.1 € SIN, and by lemmas 7.5 2), 7.6
Orw1 = 0%, 4
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Definition 7.8

1. The function 0S:*' s called monotone on an interval
[r1,72[ or on corresponding interval [y5®',y5 [ below oy, iff
n+1<m, |n,mn < dom(ozSJfal) and

Vit (<7 <" < — (5ST<,O‘1 < 655

7-//

2. Thereafter the function ¢Sy is called (totally) monotone
iff for 1 = 71(6%):

v (rf <7 <7 <k — §S < 3S).

_|

Some easy fragments of the matrix function 4.5y monotonicity
comes from definition 7.2 and lemma 7.5 2) (ii) at once:

Lemma 7.9 (About J-function monotonicity)
Let

~

< T and =91 < 4S™

T2 /YTl

Then
55;‘"1 < 55’;‘”.

Let us discuss the situation which arises.

We have revealed above, that the simplest matrix function Sy is
<-monotone, but for every 7 > 7* the prejump cardinals oV of
Sr on its corresponding carrier « € |vr,7-+1[ do not conserve
the subinaccessibility of levels > n of cardinals < 7,, and some
other important properties of the lower levels of the universe are
destroyed when relativizing to o' (see lemmas 5.17, 5.18 and
their discussion in the end of §5 [27]).
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In order to overcome this obstruction we have supplied the val-
ues of this function, matrices S, by disseminators of the level
n+1 and required the conservation of the subinaccessibility of the
level n for cardinals < ~;, that is we passed to the d-function
0Sy.

But now it involves the new complication: now with the help of
lemmas 7.3-7.7 above one can see, that after this modification the
d-function is deprived of the property of total <-monotonicity on
[7, k[ , and just due to the fact that in many cases the prejump
cardinals o' of J-matrices carriers «, vice versa, give rise to
the subinaccessibility of the level n of some cardinals < ~, that
become subinaccessible (relatively to al), not being those in the
universe (Kiselev [13]).

The way out of this new situation is pointed out by the follow-
ing discovery that affords the solution of the problem:

One can see that the matrix 05;, breaking the <-monotonicity
on [, k[ at the first time, that is for

10 = sup{7r : 65y is <—monotone on |77, 7[},

is placed on some carrier o, € [6*,6*![ and also 6S,, < p*! by
lemma 3.2 [27].

Therefore from lemmas 7.7, 6.3 [27] (for m =n+1, aj = a*!) it
follows that the disseminator 57*1 carries over precisely the same
situation, but below o = aﬁo, that is:

the class SIN;O‘O contains some cardinals ’yflao < 7;0‘0 such
that .
|71, 72[ € dom(0SF)

and again just the same matrizc

55,0 = 55;[,)00
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is breaking the monotonicity of 68?0‘0 on |11, | for the first

time for some ordinal 7 €]T1,72[, but below .

So, here we come to the third and final approach to the main
idea:

The following requirements should be imposed on Jd-matrices:

1) they must possess the property of “autoexorcizivity”, that is
of self-exclusion in such situations of monotonicity violation; the
matrices with this property (of “unit characteristic”) will have the
priority over other matrices (of “zero characteristic” respectively)
during defining of the matrixz function;

2) one more requirement should be imposed on the matrices of zero
characteristic, hampering their forming: their disseminator data
bases must increase substantially, when the proceeding part of ma-
triz function, that is have already been defined, contains mono-
tonicity violation, in order to correct this fault — the using of ma-
trices of zero characteristic;

on this grounds the Jd-matrix function should receive inconsistent
properties of monotonicity and nonmonotonicity simultaneously.

Obviously, all these reasons require the recursive definition of
the matrix function, setting its values depending on the properties
of its preceding values.

We start to realize this idea from the following section.
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8 Matrix o-Functions

For the forthcoming recursive definition it is necessary to com-
plicate the previous formula K ; (definition 7.1). But before-
hand certain subformulas are to be introduced in view to the more
clearness of the construction of this formula, where the variable X3
plays the role of the matrix function oeSJfa and the variable Xs
plays the role of the characteristic function a?a forthcoming to be
defined below « both; the latter function assigns corresponding
characteristics (unit or zero) to reduced matrices serving as values
of aS’JfO‘; these characteristics of matrices on their carriers will
take values unit @ =1 or zero a = 0 according to the principle
sketched above.

During introducing, these formulas will be accompanied by com-
ments on their sense, and after resulting definition 8.2 we shall
describe in outline how it works as a whole.

All these formulas were used in the author’s previous works
[10-17], but some of them were scattered over the text in their
certain forms (sometimes nonformalized, some others in semantic
manner), and here they are gathered together; also some suitable
redesignations are used.

In these formulas various cardinals from the classes SIN,,
SIN,—_1, SIN,_o, of subinaccessibility are used. It is necessary
to take in view that after <- or <-bounding of these formulas
by some cardinal « (see definition 2.3 [27]) there arise the subi-
naccessibility classes of the same level, but bounded by this «;
for example the SIN,-subinaccessibility turns into the STN;*-
subinaccessibility, but below «; thus all formulas after that
narrate about corresponding situation below «.

Such transformations lean on definitions and on lemmas 3.3-3.8 [27].
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Definition 8.1
The following auxiliary formulas are introduced:

L. Intervals of matriz function definiteness

1.0 Ao(x, 71,72, X1):

n+l<m A (X1 is a function on |11, 72| )/\
A T1 = min {T o = dom(Xl)}/\

AV (X <" = m A SING(Y);

so, this formula means, that the interval [11, 72| takes up the
special place in relation to the matrix function X1 domain: this
function is defined on |11, 72| and 71 is the minimal ordinal with
this property; besides that the cardinal ~y; belongs to SINy;
due to this minimality X1 always is not defined for such ordinal
TI.

11 Ay(x, 71,72, X1):

Ao(x, 71,72, X1) A 37* (7 = 4y A SING(7%));

such interval [11,72[ and the corresponding interval [vry, V|
will be called the intervals of the function Xy definiteness maxi-
mal to the left (in dom(X1)), mazimal in the sense that there is
no interval 7', o[ in dom(X1) with the lesser left end 7' < 71;
in addition it is still demanded that ~; € SIN,.

1.2 AM (x, 71,72, X1):
A1(x, 71,72, X1) A T2 = sup {7 : A1(x, 71,72, X1) };

here the interval |1, 72| is the maximal (included in dom(Xy)),
mazximal in the sense that it is not included in any other interval
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|71, 73 € dom(X1) such that v € SIN,; beyond this condition
it is still demanded that ~;, € SINy,; thus such interval |71, T2,
and the corresponding interval [z, ,vr,| will be called the maximal
intervals of the function X1 definiteness.

1.3 Aia(7m,7m2,1m):
19,92 (7 = 9 A7 = T

An=0T({y: <y <A SINn(v)}));

here, remind, OT denote the order type of the specified set, there-
fore we shall call such ordinal n the type of the interval [11, T2
and also of the corresponding interval [vry, Vr,| -

1.4 As(x,71,72,73,X1):
Al(X,Tl,Tg,Xl) AT+ 1< T <T3ATY=

= sup {7’ < T3: VTI,T”(Tl << <r— X(TI)EX(T”))}Q

so, here To is the minimal index at which the <-momnotonicity of
the matrixz function X1 fails.

1.5 A3(X7T17T{)7—2’T37X17X2)"
As(x, 11, T2, T3, X1)ATL < T < TQ/\(XQ is a function on |7y, 73] )/\
AT] = min {7' € |, 2 Xi(7) > X1(m2) A Xa(1) = 1};

thus, here is indicated that the < -monotonicity of the matriz

function X1 on |1, 73] is broken first at the index 1o and just
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because of the matriz Xi(r]) > X1(m2) for 7 € |11, 72| of unit
characteristic.

1.6.a AZ(X? 7—177_{77—277—37777X17X2):
As(x, 11,71, T2, 73, X1, X2) A A1.2(T1,73,7);

1.6.a(i) Ab(x, 71,72, X1, X2):
3], 1 < 10 AS(x, 11, 7], Ty T2, ), X1, Xo);
1.6.b  AM (x, 1,7, 72, 3.m, X1, X2):
Ab(x, 1,71, T2, 3, X1, Xa) A AN (x, 11,73, X0 );
1.6.b(i) AYP(x, 11, 72,m, X1, X0):
3], 75 < 10 AMO(x, 11,7, T, 2,1, X1, Xo);

in what follows every interval |11, 73] possessing this property AZ
for some T{, T2, n and the corresponding interval [Yr,, V5[ will
be called the blocks of the type n, and if there in addition holds
AM (x, 71,73, X1) — then the maximal blocks.

Such blocks are considered further as objectionable because of there
fatal defect: the violating of monotonicity. Because of that we shall
impose on such blocks certain hard conditions in order to avoid
their formation in the course of matriz function recursive defining
(see the condition K° below).

Let us hold up for a little while this definition 8.1 to explain
the sense and direction of its subsequent part.

All formulas and notions introduced above and also forthcom-
ing will be used in the resulting recursive definition 8.2 in bounded
forms, that is their variables and constants will be <- or <-
bounded by some corresponding cardinal «;. In such cases their
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present formulations are used, but with the added remark “below
a1”; respectively their designations are supplied by the upper in-
dex < a1 or < aj.
Thereby

‘41<]OC1 (X’ 71,72, Xl)

is the formula:

nn+l<mn A (X1 is a function on |7, 79[ ) A
ATt = min {7 : |7, 7[ S dom(X1)} A
AL (XS A =5 A =M A

ASINZ (vY) A SINT (7)),

which means that |7, 7[ is the interval from domain of the
function X7 with the minimal left end 7, and in addition the
corresponding cardinals 5%, 5 are SIN,;“-cardinals — all
it below ;.
Respectively,

b ’
A4 “ (X’ 7'177—177-277—37777)(17—‘){2)
is the formula:
A<1a1 / X, X A<a1
3 (X7T177—177-277—37 1, 2) A 1.2 (7—177—3777)

which means that [r1,73[ and [y5*, 75*[ are the blocks below
ay of type 7, that is the interval |7, 73] is maximal to the
left included in dom(X1) and the cardinals v, v are in
SIN;* both, and <-monotonicity of X; on |m, 73] is broken
first at the index 79 € |r, 73] and just because of the matrix
Xi(m) » Xi(m2) of unit characteristic for some 7 € |1, 72 —
and all it below «j.
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Is is not hard to see that all these and forthcoming bounded for-
mulas under consideration belong to the class Al for any a; > ¥,
a) < k, a1 € SINn,Q.

To introduce the notions forthcoming clearly it is convenient to
clarify in outline the principle regulating the assignment of char-
acteristics to matrices on their carriers and intersection of these
characteristics with each other, because the characteristic func-
tion will play the leading role in recursive definition 8.2 of matrix
function.

So, the matrix S on its carrier o — and this carrier « itself —
will receive zero characteristic a = 0, if it participate in violation
of matrix function monotonicity in the following sense:

there exist some interval of the matrix function definiteness

Y Y

[rm ™, vm X

below the prejump cardinal aiﬁ after y of this carrier «, where
occurs the same matrizx S as the value of the matrix function

X1, but already below oziﬁ:
Xl (7-2) = Sa

for the index 79 €]7y, 73] which is the minimal one violating the
monotonicity of X; below a%, that is when there holds

AQO&
2 (X7T177_27T37X1)-

And here comes the last refinement of this notion: in addition
there must be no admissible matrices for ~, below aiﬁ and all
values of the matrix function X; on the interval |71,72] must
be of unit characteristic:

Vr(m <7 <17 — Xo(r) =1). 9)



32 Chapter II. Special Theory

Otherwise S on o and « itself will receive unit character-
istic a = 1.

And while the matrix function will receive its recursive defini-
tion 8.2 forthcoming, matrices of unit characteristic will receive
the priority over matrices of zero characteristic — to avoid the
violation of monotonicity of this function.

It is natural to realize the notion of “priority” in the sense: when
some value Xj(7) of matrix function X;j is on definition and
there are matrices SY, S' of characteristic zero and unit respec-
tively that can be nominated as such value, then just matrix S!
should be assigned as X (7).

But there will be certain rather specific cases, when zero char-
acteristic will be rejected by certain other conditions, when zero
matriz S on its carrier « will be forbidden for nomination for
a value of matrix functions; in every such case we shall say, that
S on « s suppressed.

We use here the term “suppression”, not “nonpriority”, because
such suppression will happen not every time, but in special cases
depending on disposition of the carrier «.

So, now we come to the description of cases, when such sup-
pression takes place.
To organize these cases in the proper way and to formulate the
suppression condition one should notice, that formulas above in
this current definition 8.1 must be used in the following special
way:
Till now in all these formulas 1.0-1.6 b (i) above the symbols X,
X9 were treated as functions defined on ordinals.
But for recursive definition 8.2 of matrix functions it is necessary
to use functions defined on pairs of ordinals. Therefore let us
introduce for such function X another function

Xla] = {(r,n) : (e, 7),m) € X},
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so that
X(a,7) = X[o](7)

for every pair («,7) € dom(X).
Thereafter these formulas in definition 8.2 and formulas forthcom-
ing will be used often for Xi, Xo as functions:

Xl[ozo], XQ[OZO],
where o are some ordinals.
Now let us return to definition 8.1 with the aim to form the so
called suppression condition; it arises in connection with cover-
ings of cardinals by blocks of special kind and for this aim the
following band of conditions is needed:

I1. Suppression conditions

2.1a. A35(x, 9™, X1, X2):
Y <y AVY e[Y" A I (V< 9n <9 < m <A
ANAY (11, m2,m, X1, X2)) A
AV <Ay e [y AL 3 T (v < vy < <y <A
AAYP (T T, X, X))

here is indicated, that the interval [y™,~y[ with the right end -~
1s the union of mazximal blocks and that its left end ~™ s the
minimal one with this property; such collection of intervals will be
called the covering of the cardinal ~; it is easy to see, that under
this condition ™, v are SINy,-cardinals;

if one withdraw here the right end ~ it cause the following con-
dition:
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2.1b. A5G0, 7™, X1, X2):
V’)/, = ’Ym 37—1;7—2577 (’Ym < Y11 < ’7, < Yo A
AAi\/[b(X,Tl,TQ,T],Xl,XQ))/\
AVAY™ < Ay = ™ 3l (,_Ym/ <y < A < Yo A

AAyb(Xv T{v Tév 77/7 Xla XQ))

In view to compose the suppression condition in a proper way the
following special conditions should be superimposed on such cover-
ings for the ordinals ™ < ~* <~, n*:

22, AsS0G""n", X, X))
A (6™ 7" X, X2) A
AT T2 (Y < <9 ANAM (T, X1, X)) - < n*) A
AV < n* Y < y* v, 1,0 (7' <Yy < ¥ A
A OGT Tn, X, Xa) - <)

in this case, when Ag% holds, we shall say, that covering types
of the cardinal ~* are nondecreasing up to n* substantially;
thereby the ordinal n* s limit;

2.3. Aé%(X’7*7’71a777]*aX17X2):
37—1)7— (77’1 = ’yl ANYr =79 A AZ(Xle)Ta 77*7X17X2)/\

Vi (7 <y <9t A AV O T o X, Xo) —
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now these three conditions should be assembled in the following
2.4. Suppressing covering condition
540G n*, X1, Xo):
Iy (7’" <7<yl <yant<xta
206" X1, Xo) A ASS 06 Y 0", X, Xo) A

AA;?S(X77*77177777*7X17 XQ)),

let us call the covering of ~v possessing this property the suppress-
ing covering for v of the type n*;

so, these three conditions A% — A% mean together, that the
covering of the cardinal -~ splits into three parts: its types are
nondecreasing up to the ordinal n* < x* substantially to the left
of v*, and then stabilizes from ~* wup to ¥', that is the interval
[v*, Y[ is covered by the mazximal blocks of the constant type n*,
also there is the block [y',y[ of the same type n* < xT; it is
clear that these conditions define the ordinals ™ < v* <~ < 7,

*

n* wuniquely through ~ (if they exist);
2.5. Agcf)(va}/a 77*706X17X2)-'
VY (v<y <a— EIT{,Té,n'(’yfia <9 < vféa/\

AAMYSe (o X, X)) A = )

here is indicated, that the interval [v,a| is covered by mazimal
blocks below « of types n' = n*;

Now all these conditions should be composed in the following inte-
grated
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2.6. Resulting suppressing condition

AFO(x, 0,7, 0, p, 5, X9, X8, X1, Xo):
a=0ASIN,(Y) Ap<xT Ao(x,a, S)A
AT < 7(7 =¥ A AZ 067", XD X9) A
AT (1 <7 A SINy () —
— 3d/, S’[%./ <ad <y A *S*I]\/}fa;il () A o(x, o, S ) A

A A 06 ol Xalal ] Xe[ad])]) ):

this last condition will superimpose on the matriz S on its carrier
« the rather hard requirements and if it can be realized, then only
in the very special cases:

the reduced matriz S must be of zero characteristic on its carrier
«, the cardinal ~ must be SIN,-subinaccessible, the base p
must be strictly less than x*, the cardinal ~ must be covered
by the suppressing covering of the type n*; moreover, for all
v > ~, v € SIN,, there exist carriers o > ~' with prejump
cardinals o&l preserving SINy-cardinals < ' and with the

interval [’y,o&l[ covered by the maximal blocks of types n' = n*
below a;?.

Further such occurences of the matrix S of zero characteristic
on its corresponding carriers o« will fail while definition of the
matriz function will go on, and, so, we shall say that here zero
matrix S on « is suppressed for .

Respectively, zero matrix S on « with disseminator & and base
p is nonsuppressed for vy if this condition fails; thus any matrix

S on « is nonsuppressed if it is unit or has the base p = xT
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on «a, or vy s not SINp-cardinal; so one should always have
i view the corresponding cardinal .

Let us suspend this definition 8.1 one more time for a little bit
to describe the direction of its final part operation.
To construct the forthcoming definition 8.2 of matrix function in
the required way it should be managed by II, o-formula

Un—2(n7 z, X, a, 57 v, &, P, S)

which is universal for the formula class II,,_s with denoted free
variables
x7X7a76777a7p7S7

and variable Godel number n of such formulas in basic model 97
(see Tarski [25], also Addison [23]).

When this number n and the variable x will take certain special
value n® simultaneously:

n=gzg=n"

then this formula along with the X,-formula KY(v, oziﬁ) will

state, that S is the a-matrix reduced to x on the carrier «
of characteristic a with its disseminator 0 and the base p, ad-
missible for v and obeying certain complex recursive conditions;
remind, the formula KY(y,a) (definition 7.1 ) means, that the
ordinal « preserves all SINp-cardinals < 7.

Nevertheless, until the value n® will be assigned to the variables
n, z, this formula will work in this definition 8.2 with n = x:

Un_Q(.T, T, X, a, 57 Yy & Py S)
Also further the following function restrictions are used:
x| = {(rrmeX: 1< TO};

X|ta® = {((a,7),mMeX:ax< ao}.
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Now we return to definition 8.1 for the lase time. The suppres-
sion condition A?’O will operate in the following conjunction with
the formula U, o, bearing all the definition of matrix functions
forthcoming:

III. Bearing conditions

3.1 U* o(n,z,x,a,6,7,a,p,8 X, X917, X1)'a®, Xo|tal) :

n
Un_Q(”?‘Ta X7 CL7 5777 a7 /77 S)/\
/\_'A?O(X’ a, 7y, @, P, S7 X?|7J7XS|T,7X1|10407X2|1040);
Y

this condition along with K (v,ay) after their <i-bounding by
the cardinal o and for the constants

z=n% x, 6 7 a p 7 <a’, S<p

will describe the following situation below o’: S is the matriz
reduced to x on its carrier o« of the characteristic a admissible
for ~ along with its disseminator & and the base p, which
is nonsuppressed for v below o — and one should point out
that this situation for any pair (a,7') will be determined by the
functions

X?|7'/ = Xl[a0]|7", XS|T, = Xg[a0]|T', and Xl[a;?], Xg[a;?]

for various oz;? < a%; therefore the recursion mode provided by

this condition will work correctly.
3.2 Az, x,T):
37(7 =7 A —da, (57 a, P, S(KX(% Oéiﬁ) A

Un—Q(xa z,a, 5777 «, P, S)))7
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this condition for x = n® will mean, that there is no «a-matrizc
S on some carrier «, admissible for ..
3.3 AY(x, x, 71, T2, T3, X1) -

Ao(x7 X 7—1) N AQ(Xv T1,72,7T3, Xl)

IV. Closing condition

This condition will help to close the diagonal reasoning provid-
ing the final contradiction:
v v
4.1 (a:o—)VT{,T{,,Té,Té,ﬂ,<Oé>l£[’}/;ax <(5<fy;ax/\
1 3

4
AAinQQX (Xv7'177'{/77'%77':@777/7X1[04>%],X2[04>%]) - 77/ <pvp= X+:|>7

this formula has the following content for any zero matrix S on
the carrier « with the disseminator § and base p:
U v
if this disseminator falls in any maximal block [’y;ax , ’y;ax [ below
1 3

the prejump cardinal oz;U(, that is if
< ¢ < Y
’YT{QX <6< 'YTéaxv

then this base p has to arise substantially and to exceed the type
n' of this very block, or even to take its value the greatest possible:

n<pvp=x",

for lack of anything better;
therefore in similar cases the interval [7{,74] and the correspond-

ing interval

<O¢i£ <ai}< [

[77'{ ’ ,‘YTé

will be severe for this zero matriz S on « and will hamper the
using of S on « (with this disseminator 6).



40 Chapter II. Special Theory

V. Equinformative condition
51 Ag(x,al):
X <@’ A AT () = w3 (1) A SINy-a(a®) A

AVy < a3y € [%Oéo[ SIN;QO(%);

the cardinal o here with this property is called, remind, equin-
formative with x.
_|

The latter notion was used above several times (see also [11-
17], [27]) and here it is emphasized because of it special impor-
tance: every II,-proposition ¢(I) holds or not in any generic
extension 9M[I] below y and also in this extension below o’ si-
multaneously (see comment after (7.1)); the best example of such
a® — any prejump cardinal a% after x of any matrix carrier

¥
a > x (if this cardinal is limit for the class SIN;QX).

Now everything is ready to assemble all the fragments intro-
duced above in the following integrated definition 8.2 where the
variable matrix S on its carrier « is under consideration.
Requirements which are superimposed there on S on « and on
its disseminator § with the data base p depend on the functions
X;, i = 1,5, that already are recursively defined below the pre-
jump cardinal o&; they are defined on the certain subset of the
domain

v
A = {(aO,T) 3y <al(x <y =77
(8.1)
Ara < aiﬁ A AG(x, ao))}



8. Matrix o -Functions 41

and therefore the functions

are defined on the corresponding subset of
{9 € SINnio‘f}

< ag equinformative with . This set

0

for every cardinal o’

v
A;X is considered to be lexicographically ordered (with «
the first component in this order and 7 as the second).

as

So, the variable XS will play here the role of characteristic
function a?ao defined below the cardinal o’; X will play the

role of matrix function aSJfO‘O; Xg — the role of disseminator
function gjfo‘o; XY — the role of its data base function p?ao;

XY — the role of the carrier function a?ao; all of them will be
defined below .

After all these functions will be defined for all such cardinals
ad < aiﬁ

then in conclusion the resulting requirement will be superimposed
on the matrix S on its carrier a under consideration along with
its disseminator ¢ and the data base p depending on location
of this §, more precisely — depending on the maximal block

<o¢U <o¢U
[ v
containing this disseminator §, that is already been defined below
J
ay.

And here, remind, is the closing requirement superimposed on the
matrix S on its carrier «, mentioned above:
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if S on « has zero characteristic and its admissible dissemina-
tor ¢ falls in the maximal block of type 71’ below a%, then
n < pnAp=xT; thus, in such case data base p has to increase
considerably and we shall see that it is possible, but every time
leads to some contradiction.

In addition here is needed the formulation Lj<“(x) of the
saturated cardinal x notion (see argument before (7.1) or defi-
nition 6.9 4) [27] ); remind also that p denote the closure of p
under the pair function.

v
So, the recursive definition, based on the set A;X, starts: 10)

Definition 8.2

1) Let
Un—2(n7 z, X,a, 57 v, &, P, S)

be the II,,_o-formula universal for the class Il, o where n is
variable Godel number of 11, _o-formulas with the free variables
x? X} a7 67 ,‘)/7 a7 p} S7 and let

U* o(x,x,a,6,7,a,p, S X7, X917, X1, Xo|ta?).

n

be the formula
Un_Q(fE,x,X,a, 6777 047/0’ S)/\
A=A ( a, 7y, 0, p, 9, XP |7, X1, X ['al, Xol'al).

2) Let
A7RC(:E7 X X17 X27 X37 X4a X57 O‘)%)

be the following A1-formula, providing the required recursive con-
dition:
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Ni<i<s ((Xz is a function) A X; < a>U<+/\
Adom(X;) < {(aO,T) Iy <a(x <y = = A

ral < a,lﬁ A A§(x, o)) }) A

AVa0<(a0 < aiﬁ A AS(x, ao)) —
1,0 1,0
—>3X?7XS,X§,X2,XQ,X1 ; Xy [/\1<z‘<5X?:Xi[O‘0]/\
/\Xll’0 = X1|'a® A X21’0 = Xo|'a¥A

AN 0 ! r_ <aV n_ . <al
AVT L A" < o (X<7 AY =59 Ay _77’11_’

Va! (XS(T’) =d o
< a' = max¢ {a” 238", ", p" <438 < x T (KZ<°‘O ', o/)gl)/\

x<gal nwosn o0 0ot yvO0|i -/ yvOi y1,0 31,0
/\Un_Q (x,x,a 75 77704 apaS 7X1|TaX2|7_7X1 7X2 ))} N

/\VS,(X?(T/) =5 «— 3d (a’ = XA
AS' =ming {S" < xT 38", a",p" < 7”(KZ<°‘O (7, ) A

#<Ja0 b o ot w0t O/ 1,0 1,0
/\Un—Qa (iU,X,CL,d VL, P 7‘9 >X1|T7X2|T7X1 ’X2 ))} A
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AV (X9(r) = 8 3a', 8 (o = X(7) A 8" = XD(7') A

A§ =ming {6" <+ :3a”, p" < 'y”(KYfO‘O ', a@)/\
AL (o %,y o 8T X, XG0 X30)}) )
AV (XS(T') =p Ha',S',é'(a' = X)) A S = XI() A
A = X(7") A p =minc {p” < xT:3a” < 'y”(KYfO‘O ('y’,a@)/\

AU;f]go (‘Ta X alv 6,7 7,7 a”a p”a S/a X?|T,7 Xg|7—/? XILO’ Xévo))})) A

AV (X9() = o 30, 8,8, /(o = XP(F) A S" = XS(7') A
& =XYYAp =X} )And = min {o" <A": K7 (y/, A
U*<1a0 'S A A" oS X0 X0 /Xl,O Xl,O
A n—2 (SL‘,X,G, 7’}/7047[)5 ) 1|7—a 2|T7 1 » 2 )} .
3) We denote through

aK?L—i—l(xv X, @, 57 v, &, P, S)

the II,_o-formula which is equivalent to the following formula:

(a=0va=1)Aro(x,a,S) ALi~(x) Ax <d <y <ana

4 U
AS < p<XT Ap=pASINGX(8) A SIN, X [< p] (O) A
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= I <ay I +
AVy < ay 37 € [y,ax[ SINy ™ (Y) A cf(ay) = xTA
AHXl,XQ,X3,X4,X5{A7RC($,X,Xl,X27X3,X4,X5,Oé§}<)/\

{
o ’or U 0 ) U
(a—0<—>5|7'1,7'2,7'3 < ay (A2 X(x, 71, 9, T4, Xi[ax]) A

AT (] <" < 7h > Xg[aiﬁ](T”) =1) A Xl[o&](é) = S)) A

Y Y
<o <«
A(a:O — V7,1, 75, 75,1 <a§£ [’yT{ x $6<’y‘ré XA

4
/\Aiwban(X,T{’T{/’Té,Té’ 7717)(1[04)%], X2[Oé>%]) —

—>n’<pv,0=x+])}-

Let us denote by KO°(x,a,d,a,p) the last conjunctive con-
stituent in big curly brackets { ,} in the latter formula, that is the
closing condition:

I 4
roono 11 <a <a
(a=0—>V71,71,7'2,73,17 <oz>U< [771 x <6<’)/Té XA
Mb<iod rono 11
/\A4 X(X77_177_177_27T3a77 aXl[a)%]aX2[a)%]) -

-7 < pvp=xt]). W

The functions Xl[@)%],XQ[O&)%] are not mentioned here in the
denotation of K9 for brevity taking into account, that they are
defined uniquely in the preceding part of this formula oXK3 41
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4)  The formula ozK?Hl is the 1I,,_o-formula and thereby it
receives its Godel number n®, that is:

oK, (2, x,a,8,7,,p, S) < Up_a(n® z,x,a,6,7,a,p,S).

Let us assign the value n® to the variable x in this equivalence
and everywhere further, thereafter these n®, x will be dropped in
the notations.

We denote through oK< (x,a,0,7v,a,p,S) the Aj-formula:

K= (v, a) A oK 7 (%, 0,6,7,0,p,8) A <

and, respectively, through oaK*<*(y,a,d,v,a, p, S) — the formula,
which is obtained from the formula oK< through joining to it
the conjunctive condition of the matrix S nonsuppression on «

for v (see definition 8.1 2.6 ), but below a1 <k (as it was done

above in points 2), 3) for aiﬁ, but now for a1 < k instead of

a%) —in the following way:

K=" (y,ay) A K37 (x, @, 6,7, 0,0, ) A a < ara

/\ﬁ(a =0ASIN" (V) Ap<xT Ao(x,a,S)A
A3X17X27X37X45X5(A7Rc(na)XaX17X27X33X4)X55a1)/\

AT <y (7 = A A AT (G, X [ Xelaa] ) A

AV (T <7 ASINF(75%) —

T

"
3o/, [y <o <5 A SIN, X (Y5 Ao(x, o, S")A

AASE (7, @ Xa [, XQ[O‘%U])]))));

here is stated the admissibility of S on «, and in addition —
its nonsuppressibility for ~ below 1. So, if oK< holds, but
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aK*<Y " fails, then S on « is admissible but suppressed (all it
below o). '

5) If the formula oK< (x,a,d,v,q,p,S) is fulfilled by the
constants x, a, 9, a, v, p, S, a1, then we say that x, a, J, a,
p, S are admissible very strongly for ~ below a;.

If some of them are fixed or meant by the context, then we say that
others are admissible very strongly for them (and for ~y) below ;.
So, by

K=" (x, 7, , S)

will be denoted the formula
Ja,d,p <v oK™ (x,a,0,7,a,p,5)

meaning that S on «a is admissible very strongly for ~ below
an.

6) The matriz S is called autoexorcizive or, briefly, a-matric
admissible very strongly on the carrier « of the characteristic a
for v =~ below ai, iff it possesses on « some disseminator
0 <~ with a base p admissible very strongly for them also below
.

In every case of this kind «a-matriz is denoted by the general
symbol oS or S.

If a1 =k, or a1 is pointed out by the context, then the
upper indices < ai1,<l ay and other mentionings about «; are
dropped.

Further all notions of admissibility will be always considered
to be very strongly, so the term “very strongly” will be omitted in
what follows. —

Thus here the bounded formula
oK*=%(x,a,d,v,,p,S)

arises from oK< by adding the condition of nonsuppression
of the matrix S on « for ~ below «a; which is obtained
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from the condition ﬁAg’O in the way indicated above through its
<-bounding by the cardinal «; (that is through <-bounding its
individual variables by «; and through replacing its constituents
SIN,(vy) with SIN%(7v)).
So, any matrix S on « if suppressed for the cardinal v below
a1, then when 7 is SIN;%-cardinal, and when this S has
zero characteristic on a and the base p < x™ below ay.
Everywhere further x = x* < «1; we shall often omit the
notations of the functions X; = aSJfC”, X9 = a?‘” and the
symbols x*, n® in writings of all formulas

S,0 0 0 3 0 < *<
AO - A5 9 A 9 AQ, OéKn_,’_l, K 9 O[K Oél’ OZK a1

from definitions 8.1, 8.2 and of other denotations for some short-
ening (if it will not perform a misunderstanding); for example any
prejump cardinals au* will be denoted through o' and so on.
Concerning these formulas it should be pointed out, that definition
8.2 has been constructed with the aim to receive the key formula
aKi 41 of the class II,_3. To this end all constituent formulas
were <-bounded by ordinals o or at.

But in what follows these boundaries will be often dropped with-
out loss of their content, because their individual variables and
constants are in fact will be bounded by ordinals pointed out in
the context during their applications.

Clearly, variables X;, i = 1,5 are defined in definition 8.2
uniquely through all their parameters, thus similar functions can
be defined recursively following this construction by the same re-
cursion on the similar set (remind the set (8.1))

A={(a1,7): Iy <a'(x* <7 =7 A Af(x, 1))}

of pairs (aq,7) (ordered lexicographically as in the former case,
with a7 as the first component in this order and 7 as the
second).
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Definition 8.3

Let x* < .

1)  We call as the characteristic function of the level n  below
a1 reduced to x* the function

af™ = (a7),

taking the values:

<ol _
a;"" =

= m<ax{a 36,0, p < vt S < XM aK*(a, 6,77 a,p, S) };

2) we call as the matriz autoexorcizive (in monotonicity viola-
tion) function or, briefly, «-function of the level n below oy
reduced to x* the function

aSF™ = (aST);
taking the values
aSF =
=

= mgn{S Ax* 30,0, p <A aKFSN (a5, 6,97 o, p, S)

3) the following accompanying ordinal functions are defined be-
low o

the floating disseminator function g]fo“ = (65),,
its data base function p?o‘l = (p=),,
the carrier function a?al = (as),,
the generating disseminator function g]fo‘l = (gfal)ﬂ
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taking the values for a; = a:®, S; = aST:

T<ail _
6= =

= min{d <77 3o, p <70 @K (a7, 0,97 0, p, 85) };

<oy __

p;

. *+ | <o < T< < .
= min{p < X" 1 da <A77 aK T (a7, 677,97 o, p, o)

<ol __

oy

. <aq x<a T<ar <oy <aq .
= m<1n{a <71 aK (ar, 07 A=Y, ps ,ST)},

4
<«
and for o' =a; " "':

67 = min{d <77 SINT(8) A SINY [< p7] ()}

The value a=* is called, remind, the characteristic of the matrix
aS=Y on the carrier o, and of this carrier itself.
All the functions

<o g<a1
f

af s

<o <aq
’ 5]“ ) pf

are called, for some brevity, the accessories of the functions
a?al, 045’?0‘1,

and their values for the index T are called also the accessories of
the values

<01 <o,
o, aST™M,
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similarly the function a?o‘l is called the accessory of ozS]fal,

and its value a1 — the accessory of the matriz aS=*' below
a1, and so on.
_|

The notion of characteristic is introduced in the general case:

Definition 8.4
We call as a characteristic of a matriz S on a carrier o > x*
the number a(S,a) = a defined in the following way:

ro o<t s 1 1 <al
EI7-15'7_277_3 < aU (A2 (’7’1,’7'2,7'3,an )/\
4 4
AT (1 < 7" <15 > a =1) A aS:éa = S))

The matriz S on its carrier o s called the unit matriz on «
iff it has the unit characteristic on «; otherwise it is called zero
matrix on . —

Thereafter when the a-function aSJfC” is defined, the priority
belongs to a-matrices possessing the greater characteristic.

This circumstance, although making possible the solution of the
inaccessibility problem, complicates considerably the matrix func-
tion theory as a whole because the restriction reasoning does not
work now freely: a situation concerning zero characteristic may
not be carried over to the part of the universe below which is
determined by unit characteristic, or by other reasons connected
with suppressibility.
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Definition 8.3 of a-function and accompanying ordinal func-
tions follows the recursive definition 8.2 and since the functions
X;, i =1,5 are defined in the formula oK3 41 uniquely through
its parameters by this recursion, it is easy to see that functions
X;[a’], i = 1,5, in definition 8.2 coincide with corresponding
functions

0

ai®, aSF, 07, pF, af®, (8.2)

for every cardinal o, equinformative with y*.

Cause of that we shall use their notations (8.2) instead of corre-
sponding notations of these functions X;[a], i = 1,5 in for-
mulas from definition 8.1 that is using these formulas but for the
functions X;[a’], i = 1,5, replaced with corresponding functions
(8.2) for a” = ay; we shall even omit them often for some brevity,
when it will not cause misunderstanding and when the context will
point out them clearly.

For instance, the formula A§“! (71, 72, aS]fo“) means, that below
oy there holds

nm+l<mA (czSJfO‘1 is the function on |71, mo[) A

ATy =min{r : |1, [ S dom(aSJfal)/\
AXT SR ALY e SINSYY

the formula A (Tl,TQ,aS]fo“) means, that below «7 there
holds
AF (11, 72, aSJfO“) AR e SINS,

the formula

2 U U U
A (11,72, 73,87 ) AVT € |11, 2] a7 =1 A QST =S

T

means that here ol is the prejump cardinal of a after x*, and
there is no a-matrices admissible for 5% below o', and below
a¥ there holds

Af]ab (7—17 73, aS?aU )7
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where 19 € |11, 73[ is the first ordinal at which monotonicity on
|71, 73] of the matrix function aSJfO‘U fails, but already below

a¥, and, moreover, oszZ‘"U = S and all matrices osz"U are of
unit characteristic on |, 7] — and so on.
Next, two easy remarks should be done:

1. All intervals [y, 7% of definiteness below a1, con-
sidered in definition 8.1 for the functions

X1 = aSJfo‘l, X9 = a?al,

were of different types and were defined by different conditions,
but all of them include the condition of the interval [y5%, v5%[

maximality to the left:
A5 (11, 72, aSJfO“)

which states, among other things, that the matrix function ozS]fo‘l
below «; is defined on the interval |7i,7[ and the ordinal 7
is the minimal one with this property and, moreover, 5% is
the SIN;*'-cardinal. Due to this minimality it is not hard to
see, that aS]fo‘l is not defined for this ordinal 77 itself!

2. The notions of admissibility, priority and nonsuppression
should be distinguished. One can imagine two matrices S’, S” on
their carriers o', a” respectively along with their corresponding
accessories, both admissible for one cardinal =*'; when S’ is of
unit characteristic on o' it is always nonsuppressed and has the
priority over S” of zero characteristic on «”. But even when
there is no such matrix S’, still the matrix S” on «o” can be
suppressed, if there holds the suppression condition A5S’O below
«a1; in any case every matrix, being suppressed, can not be the
value of the matrix function aS7*'.

So, for the interval [y, 7% [ maximal to the left below ay
there can be no value aS:*' for 7 = 7, but still it does not
exclude the existence of some matrix only admissible (but sup-

pressed) for =% below aj.
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And now, with all these comments in hand, let us see how
definition 8.2 — and, hence, definition 8.3 — works below «; (we
consider, remind, the most important case when y = x*, n = n%).

I. So, in the first part in the beginning of the formula
3
aKnj—Olél (aa (57 v, &, P, S)

it is stated, that S is the d-matrix on its carrier a > x*, a < ay
reduced to x™ with the disseminator § <~ and base p:

Sap=p<x*T;

the prejump cardinal oV = ai* is limit for ST N,f"u and has
the cofinality > x*T; the disseminator & has subinaccessibility
below o' of the level n and even of the level n + 1 with the

base p, that is
5§ € SINS* A SINZY[< pl.

II. Then below o' there are defined the functions X;, i = 1,5
on pairs (a®,7') € Agi, where cardinals o e ]X*,oz“] are
equinformative with x* and there exist cardinals fyjao.

All these functions are recursively defined through definition of

the functions XZ-O, i = 1,5, by means of the recursive condition
A?C:

X1[a®] = aS7*, Xo[a®] = a5, Xs[a®] = 07,

0 0

Xa[a’] = p7*, Xs[a] = aF*.

The aim of this definition — to receive the resulting matrix func-
tion ozS]fo‘O, but the first it is introduced just the characteristic

function .
X9 = X5[a] = e
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This function accepts the mazimal possible values, unit or zero,
that are characteristics of admissible matrices below o, but only
not zero characteristic of suppressed zero matrices S” on their

carriers o, that satisfies the suppression condition below «:

$,0<1a? 0
A5’ <o (0 ’Y<a ,Oz”,p”,S,’,X?|T/,X3|T,,X1|loz0,X2|1a0),

) T’
where the functions here
0y 0/ 1.0 1.0
X1|7_7 X2|Ta X1| a, X2| «Q

are already defined. And everywhere further such suppressed zero
matrices are systematically rejected.

After the characteristic function Xs[a?] = a?o‘o is defined, all
remained functions

X[, X;[a°], i=3,5

are defined one by one successively through the minimization of
their admissible and nonsuppressed values.
So, the next it is defined the matrix function X;[a"] = aSJfO‘O, af-

ter that the corresponding disseminator function X3[a’] = g]fo‘o,
then the data base function X4[a’] = ,ojfo‘o, and, in last turn,

the carrier function Xj[a®] = oz]fo‘o is defined.
The values of every subsequent of these functions depend essen-
tially on the values of the previous ones.

III. After all these functions are constructed for every

ol e]x*, ol ,
the definition passes to the cardinal
o =at

and after that defines the characteristic of the matrix S on its
carrier « itself:
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S on « receives zero characteristic, if it participate in the fol-
lowing violation of the matrix function

Xi[a'] = OzSJfO‘{L

monotonicity below a', when below a¥ there holds the condition

o o<ad 1 1 1 <al
E|7'1,7'2,’7'3<01U(A2 (71, T2, T3, ST ) A

AT €, ] ozf,,o‘U =1A anéo‘U = 9);
otherwise S on « receives unit characteristic.

IV. And in the last turn this definition forms the closing con-
dition for S on «:
If S is zero matrix on « and its admissible disseminator ¢ falls
in some maximal block of type 1 below a’

<ozU <ocU [

[’YT{ ' Vrg

severe for S on «, that is if there holds

1 <8 <t A A T aSF 0
below o', then there is demanded the admissible data base p
of the disseminator § of S on « but only such that

n<pvp=x"T.
So, this case hampers the using of such S on « considerably;
besides that S on « must be nonsuppressed; in any other cases
no requirements are inflicted on S on «.
But remind, that the base p = x** and every unit matrix are al-
ways admissible and nonsuppressed; every matrix is nonsuppressed
for v¢ SIN, in any case.
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After that this definition forms the conjunction aK<*1:

KX<O‘1 (, aU) A ozKif'rOfl(a, 5,7, 0,p,58) A < g
where is required in addition, as usual, that ol preserves all
SIN; % -cardinals <7 below «;; and, at last, there arises the
formula oK*<®l from this formula oK<% under the require-
ment of the nonsuppression of zero matrix S on « below aj.

Since definition 8.3 of the matrix a-function and of the ac-
companying functions follows definition 8.2, there holds the next
obvious lemma, which actually repeats this definition. Here is used
the notion of generating eigendisseminator 55 for arbitrary ma-
trix S on a carrier «, that is, remind, the minimal disseminator
for S on a with the minimal possible base p® = p1, p1 = Od(S)
(see [27], [17]).

Lemma 8.5

Let S be an arbitrary «-matriz reduced to x* of character-
istic a on a carrier « < ay, admissible for y=% along with its
disseminator 0, generating disseminator 5 with a base p, and
generating etgendisseminator 55 below ay, then for the prejump

cardinal oV after x* there holds below o :
1) ¥y SF T SING () — SN (1) 5
2) y*<d<y M <alAS<ap<x*tTAp=p:

3) Se SI]\T,fO‘u N SINTfff [< p]; analogously for 5;

1) supSIN=' = ol A cf(al) = y*+;
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_ A o<at /1 1 1 <al
5) a=0««— 37, 75,7 (A2 (71,72,73,045’fa)/\

" ;o <al _ <al _ .
/\VT € ]7—1,7_2] aT" =1A O[S.,-é - S):

U < 13
6) a:O—)VT{,T{’,Tﬁ,Té,n’[vf{O‘ <5<77<;‘ A

Moot 1 1 1 a<al <al / _ .
AAYPS (T Ty T aSFY L aFT) — ) < pvp = X

~

7) (i) 35 <5< < T

(i) if S s the minimal floating disseminator of S on «

with the minimal base p admissible for ~=*' along with p,
then:

~ ~

a=1_>5=55/\p=p5=p"1’/\p1=Od(5’)’

that is when S 1is the unit matriz on o, then S is the generating
eigendisseminator 6° of S on a with the base p°;

8) there exist the minimal carrier o < ’yffll of S of the

same characteristic a admissible for v~ along with the same

accessories 0, p below aq:

YoM <ol <
analogously for nonsuppressibility of S for ~. along with its
accessories.

Proof. It remains to prove the last two statements; the upper
index < ay will be dropped.
So, let us consider the matrix S of characteristic a on its carrier
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a < ap admissible for =% along with its disseminator 5 and
base p. Statement 7) (i) is obvious; as to 7) (7i) let us consider
a =1, then the base

p=0p"=p1, p = 0d(S5)
along with the minimal disseminator
X v u
6% € SINSY n SIN; Y [< p°]
evidently fulfill all requirements of the condition
aK(a,8%,~,a,p%,5)

up to the last it conjunctive constituent KP.

But the latter is fulfilled also, because for a =1 its premise fails.
Thus the whole oK is fulfilled and § = 6% ,p=p5.

Turning to the proof of 8) it is not hard to apply lemma 3.2 [27]
(about restriction) just as it was done in the lemma 5.17 2) (i7)
proof. Nevertheless, this application presents the typical reason-
ing, which will be used further in various important cases, so one
should accept it in details.

First, it was assumed above that «y is limit for the class ST Nn<f‘11
(remind the convention after (7.1)), therefore it always exist 71
for every ~=%1.

Next, suppose that the matrix S with the disseminator ¢ and
base p on the carrier

ae |y al

is admissible for =% below «j, then it holds the following
proposition ¢ (x*,d, 77, p, S):

1/ (= < A oK (5,75, p, S))



60 Chapter II. Special Theory

below «p, that is after its <1-bounding by the cardinal «;. This
proposition ¢ itself is from the class ,, because it includes
Yn-formula KY. But let us use the cardinal

Yen = sup {y S 77 1y € SINT™MY};

by lemma 3.4 [27] ~;» belongs to SIN;* too. Now let us
replace in the formula oK its subformula KY with the A;-

formula
SINZ (),

then the X,-formula oK turns into some II,,_o-formula, which
we shall denote through oK, 5. Consequently, the formula ¢
turns into some X,_j-formula ¢,_2(x*, 0, Yrn, =, p, S):

<o

e (’Yq— <ad A aanQ((Sa ’YT"777—<Q1’O/7P7 S))

precisely with the same content below «;, and there holds

O (X", 8, v, 0, p, S).

The last proposition contains individual constants

X*aéva"a’Yfalapas

less then the SIN,-“!-cardinal ’yffll and therefore this cardinal
restricts this proposition by lemma 3.2 [27] (where n replaced
with n — 1), that is there holds the formula

Ja' e (7770 oK (6, e M o p, S)

n—2

and S receives its carrier o € [yF, ][ admissible for 7
along with its previous disseminator and data base.
The part 8) for nonsuppressibility will not be used up to §11 and
there we shall return to it once more.

_|
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It is not hard to see that the functions introduced above in
definition 8.3 possess many simple properties of d-functions and
their accompanying functions, so the proofs of the following three
lemmas are analogous to those of lemmas 7.3, 7.4 (or lemmas 5.16,
5.15 [27]) and lemma 7.5:

Lemma 8.6
For a1 <k the formulas oK<, aK*<* belong to A
and therefore all functions from definition 8.3:
a?oq’ O(S?al, g?oq’ p?al, a?a1’ 5’?041
are Aq-definable through x*,a1. For oy =k the formula aK
belongs to X, 41.
_|

Lemma 8.7 (About a-function absoluteness)

Let x* <~y <o <ar <k, apeSIN} and

(7™ +1) A SING® = (37 + 1) 0 SINZ.
1)  Then on the set

T={r": x* <™ <7

the admissibility below «o coincides with the admissibility be-
low ay: for every 7 € T and a matric S’ on its carrier

!/ <2 <o1
a € ]77—/ 777'-"-1

<a2 <o / ! <o <a2 / AW
OéK (77’ ,Oz,S)HOzK (77—/ ,Oé,S),

2) on the set
{7 X" <A0% <A™ A (a0 =1 v 2SINT (75%))}

the functions (8.2) below o = ag coincide respectively with the
functions (8.2) below o = aj.
_1
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Lemma 8.8 (About disseminator)
1) Let
(i) ]m,7l S dom(aSJfo‘l), Yy, € SINZo1

(i) T3€ dom(aSJfal), To < T35
(i43) 5530‘1 <M and azn = 0.

T2
Then
~<O¢1 <1
o < nt

Analogously for §T<3a1 .

2) Let a-matrizx S of characteristic a on a carrier o be

admissible for =1 along with its disseminator § and base p

below oy, then
(r':6 < Y5 < TNy < dom(aSJfo‘l).

Proof. 1) The reasoning forthcoming is analogous to the proof of
lemma 7.5 1), but now the special properties of matrix dissemi-
nator of unit or zero characteristic involves the singular situation.
Therefore, here one should use the following argument that will
be applied further in various significant typical situations; here it
is presented in outline; the upper indices < a3, < a1 will be
dropped for shortness.

Suppose 1) fails; let us consider the matrix S% = a.S,, of charac-
teristic a® = a,, = 0 on the carrier o, with the prejump cardinal
a’ = a%, possessing the disseminators 6% = d,,, 6 = d,, with
the base p® = p,,, and suppose that

Yy <05 < Ary. (8.3)

One should consider here the minimal ordinal 7; with the prop-
erty (7).
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By definition 8.3 the proposition oK holds and hence there holds
the proposition K9:

3 s 3
a?=0— V7], .m0 <ad ['yf{a <8< ’yféa A

A AV (7 T aSFO a7 — i < v pP = ]
Suppose that there exist some ordinals 7, 7], 74, 74,7 < o that
fulfill the premise of this proposition:

<a? <3 <ad Mb<ia®/ 1 1 _t 1 I <o’ <ad
VT{O‘ <9 <’yT§°‘ A A (7‘1,7‘1,7‘2,7'3,77,an“ ,afo‘

). (8.4)

It should be pointed out again that due to Aiw b<0® these ordinals
are defined through 0,03 wuniquely. Since ~,, € SIN,, and 7,
is the minimal one can see, that due to supposition (8.3) there

comes - "
V! <=6 < Vo (85)

as a result of the minimizing of the disseminator 573 inside the
interval [v.,7r,[ according to definition 8.3. Now we come to
the situation from the proof of lemma 7.5 1) and it remains to
repeat its arguments and to use the <-minimal matrix S™ < 3
on some carrier o™ €]v,,,a®[ of characteristic a™, admissible
and nonsuppressed for v, along with its minimal disseminator
6™ < v, and base p™ < 0d(S?), because the suppression of
S™ for ~y, implies the suppression of the matrix S® itself for
YVrg, though it is nonsuppressed by definition (below aq).
Now there comes the contradiction: since S™ < S% and a3 =0
then by definition 8.3 the matrix S cannot be the minimal value
aS,.

If there is no such ordinals {,7{, 79, 75,7, the proposition
K survives evidently under minimizing the disseminator 573
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inside _[yr,, [ and so 57.3 < 7, otherwise again there holds
Y < 573 = 0,, < Vr, and the same reasoning provides the same
contradiction.

Turning to 2), one should simply notice, that this statement
repeats the previous lemmas 5.17 2) [27], 7.5 2) in the following
form:
the matrix S being admissible for ~, on its carrier «,, by
lemma 8.5 8) and definition 8.2 remains still admissible and non-
suppressed for every -, < ~;, such that 5 < v, along with the
same accompanying ordinals a, g, p, a. For the unit character-
istic @ =1 it is obvious; but for ¢ = 0 this lemma will be used
only in §11 and there we shall turn to its proof in the exposition
detailed more. -

The following lemmas confirm the further extension of the
d-functions theory on a-functions and are analogous to lemmas 7.6,
7.7 about J-function definiteness on the final subinterval of the
inaccessible cardinal k.

So, the next lemma shows, that there exists the cardinal § < k
such that
{T:0 <~vr <k} < dom(aSy);

more precisely:

Lemma 8.9 (About a-function definiteness)

There exist cardinals § < v < k such that for every SIN,-car-
dinal oy > v, a1 < k limit for SIN, nay the function ozS]fal
1s defined on the nonemty set

T ={7:6 <y°" < a1}

The minimal of such cardinals § is denoted by «d™, its successor
in SIN, by ad*' and the following corresponding ordinals are
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introduced:
ari = 7(ad*), ar*t = T(ad*),
so that ad™ = 7y,.x, ad*! =y a1,

%1 _ <ail x1 <o
and o = Qorxt s QP 7 = P g1

Proof consists in the application of lemma 6.14 [27] just as it
was done in the proof of lemma 7.6 but for the greater reducing
cardinal

x=K"T™ and a;=k m=n+1.

The resulting function 2, being defined on the set
T:{T:’YTO<'YT<'I€}7

should be treated in the following way:

Let us consider by lemma 6.14 [27] the matrix S! = 2(7) reduced
to the cardinal x = (x*)**° on the carrier a] > v,; it has the
admissible generating eigendisseminator &1 < ~, with the base
pl > SL. One can see that pl > x** and so 0! can be
considered as the disseminator for S! on al with the base x*.
Now let us turn to the prejump cardinal

ol = ol
by the same lemma cf(a!) > x** and it is possible to introduce
the matrix S2 reduced to x* possessing the same prejump
cardinal o' and hence the same disseminator 6. with the same
base x*T using lemma 5.12 [27] in the following way:

If there holds the proposition

Jae [o), al] a(x*, ) (8.6)
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then let S? be the matrix reduced to x* on the minimal carrier
a? and produced by the cardinal «!, so that o' = o2 (just
as it was done in the proof of lemma 6.12 [27] by the cardinal «y,
playing the role of a! here).

In the opposite case, when (8.6) fails, one can see that, since the

proposition of lemma 5.12 [27] is fulfilled below «!, the matrix

SL protects the jump cardinal ot (and, hence, ') which is
preserves under the reducing the matrix S! on the carrier al to

X* ; so we can define the matrix (see definitions 4.1, 5.1, 5.5 [27])

2 = §§Lin<a;:[x* on the carrier a? = sup dom(gflin<m‘f[x*).

This matrix S? is singular on the carrier o2: conditions 1), 3)
of definition 5.7 [27] are obvious, while condition 2) one can verify
with the help of the splitting method, repeating the argument from
the proof of lemma 5.12 [27] (where a1, X are replaced with a2,

*

x* respectively) literally.

In any case a! = a2V and S2? is found to_be admissible on a2
for ~, along with the same disseminator ¢! and its base x**,
because all conditions of K° from definition 8.2 trivially holds
when p = x**. Also such matrix S? on its carrier a2 is non-
suppressed due to its base p = x**. It can be unit or zero, but
in any case there exist some «-matrix reduced to x* admissible
and nonsuppressed for ~, along with its accessories.

Now one should take any cardinal ~ great enough and such that
for any ~, > 7 there exist some matrix S2? with the base
p = x*T; it is admissible and nonsuppressed for ~, below o
for any «1 € SIN, by definition.

So, after the minimizing such resulting matrices and their accom-
panying ordinals according to definition 8.3 there appears the func-
tion aS]fo‘l and accompanying ordinal functions defined on T
for any a1 € SIN,, a1 > 7.

_|
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In conclusion of this section repeating the proof mode of lemma 7.7
it is easy to draw out

Lemma 8.10
as* € SIN, A SINZS [< ap™].

Proof. Let us use the designations from the previous lemma 8.9.
First starts lemma 7.7 proof mode, treating the disseminator ¢, 1
with the base ap*! of the matrix S, « on the carrier g,

with the prejump cardinal o*! = O‘ir*l' Since

ad*t € SIN,, 8,1 < ad*!

and B ) X
Sprr € SINTO™ A SINZY [< ap™],

lemma 3.8 implies gm.m e SIN,,.
Now suppose, that this lemma 8.10 is wrong and

ad® ¢ SIN,,
then N
50,,.*1 <ad* = ’ya'rl*'

Due to lemma 3.2 [27] it makes possible to restrict the %,_i-pro-
position about existence of matrix «S,,»1 admissible carrier
along with the same 507*1, ap*' tothe SIN,_i-cardinal Vark 15
just as it was done in the proof of lemma 8.5 8).

Then the matrix «S,,« receives again some its carrier

o € ]7047'*1 ) ’Y{xT*l+1[

admissible for ~,,+1 along with its previous disseminator and
data base.
But due to the minimality of a7 there holds

ati’ ¢ dom(aSy).
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It can be only when «S,«1 on o is admissible but suppressed
for ~,.#; inits turn it can be only when

ad® = 4.x € SIN,

contrary to the supposition.
As to the rest part of this lemma:

ad* e SINZ*™ [< ap*'],

it is not needed in what follows up to §11 and therefore we shall
return to it there. —
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9 Analysis of a-Function Monotonicity

Here the first component of the required contradiction — the
monotonicity of a-function — is investigated in various important
cases.

As we shall see, this property is rather strong; in particu-
lar, any interval [71,72[ of its monotonicity can not be “too
long”, — the corresponding interval |vyr,,7v7[ can not contain any
SIN,-cardinals, and if ~;, € SIN,, then this function receive
some constant characteristics and stabilizes on such |71, m2|.

We start with the latter situation:

Definition 9.1

The function aSJfo‘l is called monotone on interval [r1, 72|
and on the corresponding interval [y, v below a1 iff
n+l<m, |n,n[c dom(aSJfo‘l) and

v <t < < — aS:,algaS;,al)

_|

To operate with this notion it is suitable to use the following
Ai-formulas, which play the main role in this section:

Aéqal (x, 71, T2, aSJfO‘I):

AT (T, T, aSF) AT T (T <7 <7 <1
0577 () 5087 ()

S0, here is stated, that aS]fal is defined on the interval |, o[
with the property Ay (remind definition 8.1 1.0 ) and, moreover,
it is monotone on the interval [71,72[; thus we shall name it and
the corresponding interval [v.,,7r,[ the intervals of the function
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ozS]fal monotonicity;
A%qal (x, 71, T2, aSJfO“):

AT (X; 71, 72, @SFY) A IV (v? = v A SINT* (7?));

further the function aSJfal will be omitted in such notations for
brevity (if it will be pointed out in the context).

Now it is not still all ready to prove the total monotonicity
of matrix function «Sy, but some its fragments are clear quite
analogous to lemmas 5.17 1) [27], 7.9. For instance, from lemma
3.2 [27] it comes directly

Lemma 9.2 (About a-function monotonicity)
Let

<o __

T<a
T < T2, a) 1 and 65" <r,

then

<o <o <ol __
aSSM < S and a7 =

N N <o] <o]
Analogously for zero characteristic az™ = aj™ =

Lemma 9.3 (About a-function stabilization)
Let

i) aS7T* be monotone on [, [ below aj:

(i) aS; :

AT (1, 7);

(ii) 5t be a successor in SINT.
Then aS]fal stabilizes on [T, T2, that is there exist S° and

70 € |11, T2 such that

V1€ [, 7| aStt =89
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The least of such ordinals Ty 1is called the stabilization ordinal of

aS}f"” for 1 below a1 and denoted through 75~

Proof represents once more the typical application of lemma 3.2 [27];
we shall omit the upper indices < a1, <t 1. Suppose this lemma
is wrong; let us consider the ordinal

P’ = sup{Od(aS,) : 11 < T < T}.

Let us apply the mode of reasoning used above in the proof of
lemma 8.5 8) and introduce the cardinals

Yrp = sup{y < yr, : v € SIN,};

77ﬁ2 = maX{’YTl”)/T;}'

Then one should repeat definition 8.3 of the matrix function aSy
and its accompanying ordinal functions below «; on the set

T%%Q = {719, <¥r <o} (9.1)

but preserving only SINy-cardinals < vrp; it can be done in the
following way:
Definition 8.3 is based on the formula

aK*(a, 0,7y, a, p,S) (9.2)

below «; (see definition 8.2 4) ), which means, that S is the a-
matrix on its carrier « of characteristic a with the disseminator
6 and base p admissible for ~, and, moreover, nonsuppressed
on this « for ~, below «i; but since for every TETT?O; there

holds ~, ¢ SIN,,, the nonsuppression condition ﬂAg’O in aK*
holds on and it can be dropped, and then «K®* turns into the
formula aK.
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This formula is from the class ¥,, because it includes the -
formula KY. But let us use the cardinal Y-y and replace in
formula (9.2) its subformula K with Aj-formula

ol
SINS* (vrp),

then the 3, -formula (9.2) turns into some II, _o-formula, which
we shall denote through

aKzl—Z(aa 57 Vs O P, S)

So, the matrix function defined on the set Tfi”lz (9.1) as in defini-
tion 8.3, but through the formula (9.2) replaced with oK*!

n—2>
idently coincides with the function .Sy on the interval |r{'y, 72[ ;

ev-

we shall denote it by aS}.

Now, since aS} is monotone on |7y, 72| but is not stabilized on
this interval, the ordinal pg is limit and there holds the following
proposition below ~,:

VT(Tﬁ2<T—>EIS(S=aS}./\S<1pO)).

It can be formulated in the II,-form:

vT, 7,77” I:’YT?,Z < 71 =7 < 71, =Tr+1

— (EI(S,oz,p <4"3S <p (aK;’;l_Q(l,cS,fy',a,p, S)A S po)v
(9.3)
v(EI(S,a,p <~"38 < p oKF (0,6, ,a,p,5) A S < p’A

AV, o pl < A"'YS <« p ﬁaKzl_Q(l,él,wl,a',p',sl)))] ‘
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Now it comes the contradiction:

On one hand, the SIN,-cardinal ~, extends this proposition
(9.3) up to o1 and as a result the matrix aSL <1 p" arises.
But, on the other hand, p" is the limit ordinal and there exists

Ti'3 €]71'2, T2[ such that 045;{13 > aSl.

That is why below ~,, the next proposition holds:
V7 (3 <7 — V(S = aS; — 53> as})) .

It also can be formulated in II,-form:

V7, " [%33 <Y =% <y =y -

— <V5,a,p <~"VS « p(ozKZl_2(175, v, a,p,S) — ozSiQ < S)/\
AV, o, p <" VS < p(ozK,’;l,Q(O,& v, o, p, S)A (9.4)
AV ol < A" VS < p—aKEL (1,04, 0, S) —
- ast, <5))|.
which 7., extends up to «; and therefore
ozSi2 < ozSiz.
4

Let us remind that the symbols n®, x*, aSJfal, a?al in writings
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of formulas can be often omitted for shortening. Besides, the usual
condition of equinformativeness A§(aq)

X' <on A AT (XT) = Jug® D] A SINy-2(a1) A

n

Ay < aidy € [y, a1 SIN; (m)

is always superimposed on the bounding cardinals «;.

The stabilization property is very important for what follows;
moreover, it comes out that the analogous attribute arises for the
characteristic function, which play the crucial role further.
Complicating in a certain way the reasoning from the proof of
lemma 9.3 it is possible to prove the similar characteristic prop-
erty:

Lemma 9.4 (About characteristic stabilization)
Let

(i) A5 (m1,m);
(W) Vr<m Ire[rm[ o =1;
Then
vr'elr, [ ai =1

In this case we shall say that the unit characteristic stabilizes on
[11, 2] below ;.
Analogously for zero characteristic.

Proof is carried out by the induction on the pair («g,72); (remind,
the set of such pairs is considered to be lexicographically ordered
as above, with «j as the first component and 75 as the second).
Suppose this pair is minimal violating the lemma. It is not hard
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to see that 5! is the successor in STN,;; precisely this case
is used further. Recall, that for matrices of unit characteristic on
their carriers the suppression condition A?’O fails and it can be
dropped for these matrices; so for the unit characteristic a = 1
the formula aK*<*! is equivalent to «K<%1. The upper indices
< a1, < a1 will be dropped for some brevity.

By the previous lemma there exist the stabilization ordinal 75 of
aSy on [r1,7[, and the matrix S° such that

Vre[rs, ] aS,=5°

According to the condition of this lemma there exists the
minimal 7! € [75,73[ such that a,1 = 1. The further reasoning
splits into two parts:

1. First, let us prove that V7 € [t!, 7| a, = 1.

Suppose it is wrong, then there exists the minimal 79 €]7!, [
providing a,o = 0; thus a, =1 on [}, 79[ (so, take notice, the
matrix S° on different admissible carriers can possess different
characteristic here). Let us consider the following subcases for

0

S*=aS,, =50, o’=a,

la. 6°¢ SIN,. Since 7, € SIN,, lemma 3.8 1) [27] implies
<30, e (SIN,f"‘O - SINn>
and we can use the cardinal
Yr2 = min (SIN;O‘O — SINn> :

Due to the same lemma 3.8 [27] it is not hard to see that ~,2 is
the successor in ST N;“O of some cardinal

Yr3 = Yr, V3 € SIN, below o,
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and the function «ST* is monotone on the interval [r3,72[ .
Since a, =1 on [71,7°[ lemma 3.2 [27] provides that the interval
1Y, V72| contains admissible carriers of matrices of unit charac-
teristic disposed cofinally to ~,2 because the ST N,fao—cardinal
~v,2 restricts the X,-proposition about the existence of such car-
riers. After that the cardinal ~,2 extends unit characteristic up
to og, and, so, SO on o, becomes unit matrix contrary to the
supposition.

This argument mode consists in restrictions and extensions applied
in turns and therefore we shall call it the restriction-and-extension
method. It will be used further often enough in various forms and
is typical in disseminator theory, therefore one should consider it
more in details:

Let v <7, be an arbitrary cardinal; there exist the unit matrix
SY on some carrier a > v and it remains unit below o due to
lemma 8.7 about absoluteness. Now the reasoning passes to the
situation below «V; there holds the proposition below a:

36,7 a,p (v <y A aK(L, 6,79, a, p, S°)),
it belongs to >, and contains only constants
X5, v <2, SY<ax*T < e

Thus the II,-cardinal v;, below «q restricts it by lemma 3.2 [27],
that is it holds after its bounding by ~,2:

35,77 o p <y (Y < 7 A QK I2(1,8,77 7, a, p, S0)).

But here the upper indices < 7,2, < ~,2 can be dropped due to
the H;ao—subinaccessibility of ~,2 and as a result there appear
admissible carriers

= o |

of the matrix S° of unit characteristic on such « below o for
arbitrary v < v,.
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Then by the inductive hypothesis a, =1 on ], 72[, and below
~v,2 there is fulfilled the proposition

V7 (V8 <y — ar =1)

that can be formulated in the II,,-form:

vy (0 <7 A SINy 4 (1) —

— 34, a, p, S(SIN;C“{L (7r8) A oK1 (1,6,7, a, p, S))) .

The cardinal ~,2 € ST N,fo‘o extends this last proposition up to
a®, and below o there appears the matrix of unit characteristic
on some carrier € |v,0,a’[ admissible together with its dissemi-
nator < v, and its base for ~,.

Thus, ar, = 1 contrary to the assumption, and we turn to the
next subcase:

1b. %€ SIN,. Since ar =1 on [r!,79], there exist the
matrix

S% = aS.1.0 on the carrier a, 1.0 € [;5/0,770[
of unit characteristic a,1,0 =1 and one can reveal the situation
below ol = 0121,0 in the following way.
The reasoning forthcoming is applied further subsequently, thus it
is necessary to dwell upon it.
We start with S° on «,,. By lemma 8.5 5) zero characteristic
of S% on a,0 means that there holds

Il 75,74 < o (A9 (], 75, 74, @SF) A
(9.5)

" 1o o<a® <a® _ @0
AT e, ] aZt =1 A ozSTé =5Y).
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Thus there can be used some ordinals
/ / ! 0
TI<m<m<a

such that there holds

0
AY(ry, 75,7, aSy) AVT €], ) aS =1 A S, = SO (9.6)

0 0

, that is after <-bounding by the cardinal o”.
The key role will be played here by the so called mediator: it is
some SIN*’-cardinal +° such that

below «

<af <al <al 0 0

which exist due to lemma 8.5 4). By lemma 8.7 about absoluteness
of the admissibility and of unit values of the matrix a-function
these values and their accessories below o and below +° coincide
on the set

{r: R N 1}

and therefore (9.7), (9.6) imply the following ¥,,4;-proposition
below a’:

0 0 0
39037, 75, 74 < A (SIN,(7°) A ’yfﬂ < fyf; < 'y:; <A
/\A(kao (T{7T£7T?ln O‘SFWO) AVT" € ]T{,Té] a:,70 = 1A (9.8)
nass” = 80).
T2

Due to lemma 8.5 3)

50 € SIN2 [< ppol

and then by lemma 3.2 [27] there exist some +¥ with the property
(9.8), but already below ¢°. From here and lemma 3.8 [27] it
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follows that the SINy-subinaccessibility of 50 draws the existence
of SIN,-cardinal ¥ < 50 with the same property (9.8); note,
that Y possesses the same SIN,-subinaccessibility as 0°. So,
for some cardinals

%7 <y <%7 <Y (9.9)
there holds

A0<]'Y (7_1 ) 7—2 ) 7—3 ) OZS;'YO,) A
(9.10)

07
" - < 0
AT el el =1n OzS’Té,7 =9

Since 4 is the SIN,-cardinal everywhere in (9.9), (9.10) <-
and <-boundaries by Y can be dropped by the same lemmas
3.8, 8.7.

From this place one have to repeat the reasoning above but in
the reserve direction, and not for o, but for o'®. Then (9.9),
(9.10) draw (9.5) where a° is replaced with a* and thereby S°
on «,1,0 receives zero characteristic contrary to the assumptions.
2. So, statement 1 is proved; it remains to examine the ordinal

h? = min{7 € [r1, no[: V7' €]7, 72[ ar = 1}

and to prove that it coincides with 7.
Suppose it is wrong and 71 < 712, then one should examine two
unit matrices

Sl = O[STI,Q, SQ = aST1,2+1

and treat the matrix S? on its carrier 12, with its generating
disseminator 02 = §,12,1. By lemmas 8.5 7) (i), 8.8 2)

w o~
T S 0% = 57'172-&-1

and cause of that only three subcases arises:
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~,

2a. 7y = 0%. Then by definition 8.3
VT 6]7'1,71’2[ ar =1

contrary to the supposition.
2b. v, < 52, 52 ¢ SIN,,. Then the restriction-and-extension
reasoning works, literally as it was in subcase la. of this proof
above, but for

S?, 52 instead of S, 50

and again it comes a, =1 on ]r,72].

2c. Vo < 52, 5% e SIN,. Here again the restriction-and-
extension method works, but in slightly another manner. First
by lemma 3.2 [27] matrix S receives its admissible carriers of
unit characteristic disposed cofinally to 52, so by the inductive
hypothesis

ar =1 on the set {7 : yr, <y <8},

Then below 62 the following II,,.1-proposition holds

VY (vr <7y A SINy_1(v) — 36,a,p,5 aK(1,6,0,7,p,9))

which is extended by this disseminator up to aﬁm +1 according

to lemma 6.6 [27] (for m =n+1,d = 82, o = aﬂmﬂ) and
again it comes a, =1 on the same set |r,71%].

In every case it implies 7 = 712, 4

The following important lemma will be proved again by means
of the restriction-and-extension method but in some synthesized
form.

However, beforehand the following rather suitable notion should
be introduced using the notions of reduced spectra and matrices
(remind definitions 4.1, 5.1 [27]).
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In what follows the main technical mode of reasonings will consist
in the examination of some matrix S under consideration on its
different carriers in turns. Such transition of the reduced matrix
S from one its carrier o over to another its carrier o' will be
called the carrying over of the matrix S from « to ol.

This technique will be frequent enough to be used further and was
already used above in the proofs of lemmas 7.5, 8.8, 9.4.

During such carrying over of reduced matrix S from « to «
some properties of the universe bounded by jump or prejump car-
dinals of S on « can be preserved and thereby they will be
called the inner properties of S; other properties of S may be
lost and they will be called the outer properties.

1

More precisely: a property or attribute of matrix S reduced
to x* on its carrier « will be called the inner property or
attribute of this S (on «) if it is definable below some jump or
prejump cardinal of the spectrum

dom (gijnqaz[x*)

through its some other jump of prejump cardinals; analogously for
other objects from L,; in all other cases they will be called the
outer properties or attributes or objects of S.

These notions are activated by lemma 5.11 [27] about matrix infor-
mativeness which means that such inner properties are preserved
while matrix S is carried over from one its carrier to any other
one.

Here is very important example of the outer property — the
property of characteristic; it involves the whole matrix S on its
carrier «, but not only its some jump cardinals.

Really, take any matrix S on its carrier « of zero characteristic
(if such exist), then by lemma 8.5 5) there holds
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Iri, 73,7 < o} (A3I (7], 74, 74, @SF) A

v v

AV el ] a5 =1A anéo‘ =5),

: . v .

where S receives the lesser carrier a5%", already of the unit
2

- . y
characteristic due to the condition V7" € ||, 5] a5 = 1.

But other matrix properties used in what follows are inner,
and one of them realizes the restriction-and-extension reasoning
in the following lemma.

This lemma uses the suitable function, which was already used in
the proof of lemma 9.3:

OdaS7™ (11,) = sup{Od(aST*) : 1 < T < T}

it will be applied to forming the so called stairways — collections
of intervals, which will be the main technical tools in the Main
theorem proof. To this end the following formulas below «; are
needed:

1. ATfo‘l (11,72, ozS]fo‘l):

AT (7, 7, aS?al) ATy =sup{T: AT (7, 7, ozS]fal)};

here the interval [, 72 is the maximal of monotonicity intervals
with the left SIN;*-end 5% and with right SIN;“!-ends,
thus we shall call it and the corresponding interval [y, y5%[
the mazimal intervals of the function aS?O‘l monotonicity below

aq.
mla <o <1\,
2. Al.l 1(7‘1,7‘2,OéSf 1,af 1).

AP () A AT (1 7, aSJfo‘l) AVT (T < T <72 > af® =1);

in addition to A7';"! here is stated, that there is no a-matrices
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admissible for 7% below «; and the function aS]fal has on
|71, 72 the values aS=® only of unit characteristic a=*' = 1; in
such cases the unit characteristic a =1 stabilizes on the interval
[71,72[ and on the corresponding interval [y5%!,y5%[ below a1

by lemma 9.4

st<la <« <ai\y.
3. AT 1(7'1,7*,7'2,an 1,af b):

ml<a <o <« < <oy,
AT TN (T, T, aSE L aF M) AT < T S T2 A AT, T2, 5 );

here is indicated, that the function OzSJfa1 is defined on the inter-
val |71, m2[, but on its maximal initial subinterval of monotonicity
|71, e[ with 7, € SIN;S® it has even the unit characteristic
stabilized on it; therefore the interval [71,72[ and the correspond-
ing interval [y, v [ will be called further the (unit) steps
below «q; in this case the ordinal

OdaS]fo‘1 (T1,Tx)
will be called the height of this step.

M st<a <« <aqy.
4. A7 1(71,7*,72,045’f 1,af b):

st<da <ap | <oq M <oy <oy,
AT (Tl,T*,TQ,OéSf ,a; ) A AT (7‘1,7’2,an );

in addition here is indicated, that the interval |m,72[ is the
maximal with v € SIN;!, thereby we shall call the interval
[71,72[ and the corresponding interval [y, v5%[ the mazimal
(unit) steps below «j.

This survey leads to the notion of stairway:

S
5. AStqal(St,X,aS?al,a?al):

(St — is a function on y*T)A
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AV < x*T 37'1,7'*,7'2(575(5) = (T1,Te, T2) A
/\Ajl\flfmo‘l (71, Tw, T2, ozSJfal , a?al)/\

<o <a1
(7—177—*77—27an aaf )

— 3B < x\*T St(B) = (71,7'*,72))/\

Avﬁlaﬁ? < X*+ VT{7T>:77-£ VT{,aT;,ﬂ_é,(ﬁl < ﬁZA

M st<la
AVTL, Ty, T2 (A1.1 !

ASE(B1) = (11,75, T5) ASt(Bo) = (71,70, 75) = Th < T A
AOd ozS]fo‘l(T{,T;) < Od aS?al(T{I,T;I)) A
A Sup {Od aS]fO“(Tl,T*) 236,19 St(B) = (7’1,7'*,7'2)} = \*t,

here is indicated, that St is the function on x**, and its
values are all triples (71,74, 72) such that the intervals [71, o[
are maximal unit steps disposed successively one after another.
Therefore such St will be called the stairway and the intervals
[71,72[ and the corresponding intervals [y5%t, 45| — its steps
below ;.

This notion is justified by the strict increasing of their heights;
also we shall say, that the stairway St consists of these steps, or
contains them.

Respectively, the cardinal
h(St) = sup {Od aS7* (71, 74) : 38,72 SH(B) = (71, 7w, T2) }

will be called the height of the whole stairway St. So, here is
required that St amounts up to x**, that is

h(St) = x**.
Also the cardinal

v =sup{vn, : 36,71, 7« St(B) = (11,74, T2)}
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will be called the termination cardinal of St and will be denoted
through
v(St);

so, we shall say, that the stairway St terminates in this cardinal

v(St).

If such stairway St exist below «j, then we shall say, that «y

is provided by this stairway St.

When « > x* is a carrier of the matrix S and its prejump

cardinal o = a,lﬁ after x* is provided by some stairway St,

then we shall say, that this S on « is provided by this stairway.
And here is quite important example of the inner phenomena:

the inner property of providing the matrix S by some stairway.

This property for S on its carrier « is definable by the formula

ISt < ot Agt«ﬂ (St, aS?O‘U, a?au)

which can be bounded by the jump cardinal o' of the carrier o
after x*. Therefore by lemma 5.11 [27] the same property holds
for S on any other carrier ol > x*:

ISt < o A‘gtqaw(Stl,aSJfaw,ano‘w)

being bounded by the jump cardinal a'¥ of o' after y*, and,

so, S on a' is again provided by some stairway St! as well.

Lemma 9.5 (About stairway cut-off from above)
Let

(i) A7 (11, m);

(ii)) T <73 and S® be a matriz of characteristic a®> on a

carrier

a3 € ]’7530[1 ) al[
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with disseminator 63 and data base p>  admissible for YR

below a1 and with the generating eigendisseminator 55 on a’;

/ <a1 _ .3
: =a’.
(iii) VT <m 3ITe[r,n[ a, a

Then
1. OdaSJfo‘l(Tl,Tg) < 0d(S3);

2a. hence, if a® = 1, then there is no stairway below o

terminating in some SIN“'-cardinal v < a%;

2b. therefore if there exist some unit matriz S° on its carriers
admissible below a1 and disposed cofinally to «;:

Vy < a1 Iyt ey, a1 36, 0,p < o (SIN} (YHA
A~ oK=(1,6,9", a,p, %)),
then «1 s not provided by any stairway;

3. if 83 is the <-minimal of all matrices of the same
characteristic a® on carriers € ], a1 admissible for v,
then

YR < 55 < 8% < Vrs-

Proof. Let us demonstrate the reasoning for the case a® = 1, used
in what follows; in this important case 5% = 35° and condition
(iii) should be weakened up to @® = 1 by lemma 3.2 [27]. In
this case the nonsuppression condition ﬁAg’O for the unit matrix
S on its carriers can be dropped, because such S is always
nonsuppressed and the formulas aK*<®1 aKfLi‘fl are equivalent
to the formulas oK<, oK ="!; the upper indices < a1, < aq

n+1>
will be omitted.
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By this lemma the matrix S® receives unit characteristic on its
admissible carriers disposed cofinally to ~v;,, as it was in part la.
in lemma 9.4 proof, where 7,2, S° on a,1 should be replaced
with v, S on as. So (i) and lemma 9.4 imply

OdaSy(11,79) < 0d(S®) and a, =1 on |71, o[ .

Now let us assume that the function «Sy stabilizes on [71, [
and let 75 be the stabilization ordinal of aS; on [r,7[ so
that there exists S° such that

S; = aSrs = SO on [15, [ .

We apply now the restriction-and-extension argument mode, that
was used several times above. Let us turn to the matrix S° on
the carrier ars.; with the prejump cardinal al = a% 41 and the

disseminator 6! = gr§+1- The same matrix S° on the carrier Qrg
of unit characteristic by lemma 3.2 [27] about restriction receives
unit characteristic also on its admissible carriers disposed cofinally
to 6! and hence below 6! the following II,i-proposition holds
for S = S°:

Vy3y (v < ¥ ASIN,—1 (')A
(9.11)
Ad6,a,p aK(1,8,7,a,p, S)) .

Disseminator o' extends it up to o' and so the matrix S°
receives unit characteristic on its admissible carriers disposed co-
finally to «o!, that is (9.11) is fulfilled by S = S under the
boundary < a'. After the minimizing such matrices S we re-
ceive the matrix S = S! with the property (9.11) below ! and
by lemma 4.6 [27] S < S°. One should point out, that statement
(9.11) <-bounded by o' with S = S! is the inner property of
the matrix S°.
If now
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OdaS¢(11,9) = 0d(S?), that is S* = S3,

then matrix S by lemma 5.11 [27] about informativeness receives
its admissible carriers with the same unit characteristic disposed
cofinally to the prejump cardinal o = a%, because S° on the
carrier ars41 has the same property.

After that again by lemma 3.2 [27] such carriers appear disposed

cofinally to ~,,. Hence, at last, by (¢) it comes the contradiction:

OdaSy(m1,m2) < 0d(S') < 0d(S°). (9.12)

If the function «Sy does not stabilize on |71, 72| then the ordinal
p = OdOéSf(Tl,TQ)

is limit. But here to finish the proof of 1. one should remind, that
Godel function F' has values F, = F|a for any limit ordinals
a (see Godel [22]). It is not hard to see that Od(S) can not be
limit and thus p < Od(S) implies p < Od(S5).

Turning to 3. let us suppose that it is wrong and

- ~a3
53:55 < T

3 U 3

and standing on o” = a3 let us review the situation below «
obtained. Two cases here should be considered:

Lo oy <0 <vyn.

Since vy, € SIN, and 03 € SIN=*" lemmas 3.8 [27], 8.5 1), 8.7
imply that Be SIN, and

ano‘3 =aS, on {T:v, <7 <0}

The disseminator 63 extends up to a® the II,4i-proposition
stating the definiteness of the function aSy of unit characteristic
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and with values <S® due to part 1.:

vy (%1 <Y ASINy1(7) —
(9.13)
— 36, a,p, S (S <83 AaK(1,8,7,a,p, S)))

. . 3 .
and, hence, there exists the matrix «SZ* on the carrier

3
an” €y, a’[

of unit characteristic and ozST<3°‘3 <S3 contrary to the <-minimality
of 83 on 3. It remains to consider the case:

2. < Yry -

It should be pointed out that the condition of <-minimality of S3
is not used in this case. Here the matrix S = a.S;, 12 of unit char-
acteristic should be considered on its carrier o, 12 with the pre-

jump cardinal o' = aﬂl +o and the disseminator Ol =012, just

as it was done above for S0 = OéSrg+17 al = Q%H, ol = 5VT§+1
in the proof of 1. (let us preserve the previous notations for conve-
nience). And again the matrix aS; 11 receives the unit charac-
teristic on its admissible carriers disposed cofinally to the dissemi-
nator 0! =~,, and it extends proposition (9.11) for S = a.S;, ;1
up to a'; so, it brings by the same way the minimal matrix
St < SO with the previous properties: it receives unit character-
istic on its admissible carriers disposed cofinally to «!.

By lemma 3.2 [27] there appear carriers of S L' of unit character-
istic disposed cofinally to @3, that is (9.11) is fulfilled by S =5 1
under the <-bounding by §3; hence, the disseminator 63 extends
this proposition up to a3. After that the cardinal ~,, € SIN,
restricts this proposition with ~ substituted for an arbitrary con-
stant y' < 7.,. As a result the matrix S! receives the unit
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characteristic on its admissible carriers disposed cofinally to -,
and so again we come to contradiction (9.12).

Turning to a3 = 0 one should repeat all this proof but for
zero matrices S on their carriers o admissible for cardinals -,
under consideration, but only for ~, ¢ SIN,. In all cases of this
kind such matrices S are nonsuppressed by definition and again
the nonsuppression condition —|A§’0 can be dropped, and the
formulas oK*<%1, aK*T9" can be replaced with the formulas

n+1
aK=1, aK;ﬂ. PreciseJlry such matrices S on their carriers «
can be used in the restriction-and-extension reasoning above, that
provides the proof for zero characteristic as = 0.
At last proposition 2a. comes from 1. almost obviously. Sup-
pose it fails, that is there exist some stairway St below oy

terminating in the SIN,-cardinal v(St) < a%; it implies that

v(St) < .

T3
By definition this stairway consists of unit steps below
St(r') = (1, 75", 73)
and each of them possesses the property
A (1)

with the unit characteristic stabilizing on [7],75*[ (see definition
of the stairway notion before lemma 9.5). Hence 1. provides the
height h(St) of the whole St bounded by the ordinal

0d(S?) < x*+

though h(St) = x**, that is St amounts up to x** by defini-
tion.

From here it follows 2b. when the matrix S° is used instead of
the matrix 3. —
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One should notice, that for a® = 1 the condition of the matrix
S3 minimality in point 3. of this lemma 9.5 can be dropped by
means of the reasoning repeating the arguments above in case 1.
slightly changed.

Next obvious corollary shows that such steps heights always
increase strictly:

Corollary 9.6
Let

(Z) A%qal(TlaTz); Ai<10¢1(7_377_4)7 T2 < T4;

(W) Vr<m Ire[riml o =1

Then

1) Vre]ln,m[ulmn,n] as* =1;

2) OdaS?al (7’1,7’2) < Odaijo” (T3,7'4);

3) Vrelm,m[ 5 <02 =65 < q5,
where 02 s the generating eigendisseminator of aS=%1  on

<o .
T

a~%; hence

<1 <o1
’77'2 < 77’3 :

Proof. From conditions (i), (i7) and lemmas 3.2 [27], 9.4 there fol-
lows that a=® =1 on the intervals |m,72[, |73, 74[ . Therefore
lemma 9.5 (where 73 plays the role of any 7 € |73, 74[ ) implies

statements 2), 3). For 7 = 73 + 1 here it comes 5% < 67
and at the same time by lemmas 8.5 7) (i7), 8.8 2) — gf =50
S0, T < T3.

_|
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Corollary 9.7
Let

(i)  AS(r,72);

(i) 73 €dom(aS7), T3 = To;

. <ay <ay . . .
(iii)  a matriv oS5 on af™  has generating eigendis-
semuinator
VS <o
6T3 < ’YTZ
below .
Then

1) az** =1 on |m,m|, a3 =0;

2) 25/53 <As and

T1
3) OdOzS?al (Tl,TQ) > Od(Oszsal).

Analogously for the generating disseminator ggo‘l of aSZ™ on

<oy
T3

a
Proof.  We shall omit the upper indices < a3, < «@1. By
lemma 9.5 for §% = aS5* condition (iii) implies that for some
T<To

Ve [r, | ay # ar;

due to lemma 3.2 [27] it is possible only when
Vr'e[r,m| ap=1, ar, =0

and then by lemma 9.4 a; =1 on |r, 7.

If 6;93 € |vr, V| , then one can obtain a,, = 1 again using
the reasoning from the proof of lemma 9.5, and extending propo-
sition (9.13) without its subformula S < S3 by the disseminator
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5;93 up to aﬂS, that provides ar* = 1.

After that it is enough to conduct the reasoning from the end of
this proof (case 2.) repeated literally by means of restriction-and-
extension method.

_|

The immediate consequence of this lemma for 75 = 73 is the
following

Theorem 1.
Let

) aSTY  be monotone on [r1, [ below o;
f

(1)) 71 =min{r : |1, o[ S dom(ozS]fo‘l)}.

Then
R o SING™ = 2.

Proof. Let us suppose that, on the contrary, there exists SIN -

<oa < <o
Té 6]77-1 ’ ’YTQ [ :

Then ~5%' belongs to SIN;' as well; one can see it repeat-
ing literally the argument from the proof of lemma 8.10. So, the

statement A]<* (71, 74) holds on; it remains to apply corollary 9.7

using 75 as T = 73, since 6% <'y7<éo‘1

cardinal -y

by definition.
_|
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10  Analysis of a-Function Nonmonotonic-
ity

So, any interval of the a-function monotonicity can not be
“too long” by theorem 1.
However, such function can be defined on “rather long” intervals;
for example, the function aSJfo‘l is defined on the final segment
T of any sufficiently great SIN,-cardinal a3 < k (lemma
8.9 ). Hence, its monotonicity on this segment is violated on some
ordinals.
How does this phenomenon happen? In this section all substan-
tial violations of this kind are analyzed. To this end the for-
mula  A3*'(71,72,73) should be recalled (see definition 8.1 1.4
for X7 = aSJfal):

Afal(Tl,Tg,OéS?al) ATL+1 < T <T3A

ATy =sup{T < 73: V7, 7"(r < 7' < 7" <7 > aS;M<aS5M)}

,7—//

So, here 7o is the minimal ordinal breaking the monotonicity of
the function aS?al on the interval [7,73]. Thus, in all rea-
sonings of this paragraph some nonmonotonicity A;‘al (11,72, 73)
on the intervals [, 73] is treated in different situations (but the
condition SIN*(~,) can be dropped everywhere except the
last lemma 10.5 ).

Lemma 10.1
Let

(i) A3 (11, 72,73);

<o,

(i) SINy, s 7;0‘1 C SIN;.
Then
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1) a;**=1 on |r,mf, a;** =0 and

2) gfoq < ,y<oz1 13)
2 :

71

Proof. The upper indices < «ay, < a1 will be dropped. Since the
function @Sy is monotone on |71, 7, from theorem 1 it comes

s vm 0 SIN, = @. (10.1)
Standing on o? = a%, let us consider below «o? the function

osz<O‘2. By (i) and lemma 8.7 about absoluteness it coincides
with «Sy on |r,7[ and is monotone on this interval.

That is why 0, < 75, otherwise d., € |V, 7| contrary to (i),
(10.1).
If now a,, =1, then by lemma 9.2

OdaS¢(t1,m2) < Od(aSs,)
in spite of (i) and so ar, = 0. The same happens if
Vr<m Ire[rn] ar=0

because in this case due to condition (i) one can consider 72 € |71, 7|
such that for S? = a5,

a2 =0, aS;>S5% (10.2)

71

Due to consequence 2) and lemma 3.2 [27] about restriction zero
matrix S? receives some admissible carrier « € 172 77241] asa
result of restricting by SIN, i-cardinal 7,2, of the following
Yn_1-proposition

Ha(’yle < andd,a,p(d< VTlASINn@‘u (Ym0 ) A
(10.3)
AaK?’H—l(O: 9, ’77—127 Q, P, SQ)))



96 Chapter II. Special Theory

which holds below .2, ,, since it holds for « = a;, below a.

Hence, (10.2), (10.3) imply that S? is rejected at the defining of
the matrix value S 2 by definition 8.3 2).
But it can happen only if S? on « is suppressed for Vr2 that
implies STNp(7,2) contrary to (10.1).
Hence

Ir<nVrel[rn,n| ay =1,

and from lemma 9.4 it follows ar =1 on |7, 7.

_|
From here and theorem 1 it comes directly
Corollary 10.2
Let
(i) A3 (71,72,73);
(it) |vs, 5] N SING™ # @.
Then
1) v s the successor of 5% in SIN;;
2) ar*=1on |, m|, a;" =0 and
3) 650 < g W
_|
Lemma 10.3
Let

(7’) A2<]a1 (7—17 T2 7—3);

(ii) azor =
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Then for the prejump cardinal o® = ozéaw there exists an ordinal

T = min{7 € |1, o[ : 77 € SIN;O‘Q}
such that
1) Y50 <65, y5e ¢ SINZ;

*

2

2) ar* =a;* =1 on |1, 7l;

3) OJSJf"‘2 is monotone on [T, T|[ and

4) OdaSJfal(Tl,T*) > Od(aS5).

Proof. The upper indices < a1, < a1 will be omitted. First one
should see that v, < dr,, otherwise (i) and lemma 9.2 break
Then from lemma 10.1 and (), (4) it comes the existence of the

following ordinal below the prejump cardinal a? = 04&2:

7w = min{r > 71 : 7 € (SINSY = SIN,)}.

2

On [r,7«[ «S; is monotone and by theorem 1 (for o~ instead

of a1) 7, Iis the successor of =, in SINZ**.  Due to
lemma 9.3 the function aS; stabilizes on [7i,7.[, so that for
some 79 € |11, 7[, SO the proposition V7 = 75 aS, = SV is
true below ~;,. Hence, below ~;, the weaker proposition is

true:
VT(TO <7 —35(S = aS; A SESO)).

It can be formulated in the II,-form, just as it was done in the
proof of lemma 9.3, by means of proposition (9.4), where 773,
045;2 should be replaced with 79, S° respectively.
The cardinal 7, extends this proposition up to a? and therefore
by (i)

p = OdaS¢(ri,7:) > Od(aSs,).
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Next, let us discuss the unit characteristic. From lemma 3.2 [27]
and (7), (i) it comes that there exist some admissible carriers
of a-matrices of unit characteristic disposed cofinally to v, as
it was several times above. Hence such carriers must be also in
|, @?[, otherwise 7, would be defined below a? along with
the ordinal p and then by lemma 4.6 [27]

p < Od(aSr,).

It remains to apply lemmas 3.2 [27], 9.4 (where 7., o? play the
role of 79, «i respectively), since aS]fal, a]fo‘l coincide with

aS]fO‘Q, a]fa2 on [11,7«[ due to lemma 8.7 about absoluteness.
_|

With the help of reasoning analogous to the proofs of lemmas 10.1-
10.3 it is not hard to obtain

Lemma 10.4
Let
(Z') A2<]a1 (7_177—2a7-3);
1 ")’<’)/ 7")/<’7 2/\a 2= or o~ = O+ 5
i) Y T<20415| T<o¢ :oa 1 f 2 <2@1U
(iii) aor =
Then

1) gff‘l <s* and

T1

2) Ireln, [ (@™ =1AaSt »aS5). 1)

Proof. The upper indices < a1, < a1 will be omitted. Let

us reveal the situation below, standing as usual on o? = a%.

Suppose that 9., €]7r, v [; here the following two cases should
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be considered:

1. [Yr:¥m][ 0 SINZ®® < SIN,, then again (just as it was
in the proof of theorem 1) «Sy is monotone on the interval
[71, 2] such that the interval ]vy,,,v-,[ contains SIN,-cardinals,
contrary to theorem 1.

2. [ry ¥l N SINS®® ¢ SIN,. In this case one should
again apply the restriction-and-extension techniques of reasoning
precisely as it was done in part la. of lemma 9.4 proof. Let us
first repeat the argument from the proof of lemma 10.3 concerning
the function Sy defined on the interval |7y, 7«[, where

Yre = Min (SIN;O‘2 — SINn) and ar =1 on |m, 7|

due to (ii). By theorem 1 (for 7y, o2, as 72, a1) and (i) the
cardinal ~;, 1is the successor of ~; in SIN,fO‘Q. Hence, the
proposition

Vr>m ar=1

is true below ~;,; it is not hard to see it with the help of condition
(i7) and lemmas 3.2 [27], 9.4. This proposition can be formulated
in the IL,-form for this case, just as it was done above in the proof

of lemma 9.4 in part la. with 73 as 7q:

vy (9 <7 A SIN-a () —

— 35, a,p, S (SIN;O‘U('yﬁ) A oKD (1,8,7, a,p, S)))

After that the ST N,fo‘g—cardinal vYr. extends this proposition up
to o? and so a,, =1 contrary to (iii).

Thus, 572 < 7r,; coming to the end of the proof one should apply
lemma 9.2. Suppose that

Ire|rn,n| V' e[r,n] av =0,
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then by this lemma the monotonicity of aSy on |7, 7| implies
that
OdaS¢(t1, 1) < Od(aSs,)

contrary to (7). This contradiction along with (i) provides 2) and
ends the proof.
_|

The following lemma will be used at the end of the Main theo-
rem proof, again relying strongly on the formula A%< (7) (recall
definition 8.1 3.2 ):

v <o (fy == A —da,d,a,p < aqdS < p (Kz@‘l(% aﬁ)/\

A aKES$ (06,7, 0., 9)))

<1

meaning, that there is no a-matrix on some carrier o > 77

admissible for 7= below «;.
Accordingly, through A%< (71, 7, aS?al) is denoted the formula

(remind definition 8.1 1.1 for X; = aSJfal):
AP (1) A AT (1, 7, aSF),

and also should be used the formula qual(ﬁ, TS, T3, aSJf]O“) (re-
call definition 8.2 3.3 ):

A0 (11) A A2<'D‘1 (11,75, T3, aSJfal).

Lemma 10.5
Let

(i) AYI(r1, 2, @S7);

(ii)) T <73 and S be a matriz of characteristic a® on a

carrier
<01
ag € |y, an|
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preserving SIN;* -cardinals < v=* below oy and with gen-

T2

. . . . Xqg3
erating eigendisseminator 6% ;
a3
(iti) 6% < ygon.
Then a® = 0.

Analogously for any disseminator 5 of S% on «
p=p

3 with any base

Proof.  As usual, we shall look over the situation below, standing
on a’ = a% and considering the disseminator 55" with the data
base p? = ,053 = p1, p1 = 0d(S?); the upper indices < a1, < ai
will be dropped for some convenience.

Suppose that this lemma fails and @® = 1, then 55° is admissible
and nonsuppressed disseminator of S® on ag for any 7, € |71, 73]

and by lemma 9.2 a, =1 on |r,m| and
OdOsz(Tl,Tg) < Od(aSTS).

From lemma 9.5 it follows that due to (i74) aS; is nonmonotone
on [71,72[ (remind case 2. in the proof of point 3. of lemma 9.5 )
and that is why there exists 75 for which there holds

A8(7-177_577—2)7 aTé =1 (104)

Now one should repeat precisely the reasoning from part 1b. of
lemma 9.4 proof. Below o the following X, i-proposition is
true by lemma 8.7 about absoluteness (remind (9.8) ):

< 0 < 0 < 0
31903, 4,75 <A (SING () A <75 < <A0A
0<y? <~0 <~0
AT (73, 73,857 ) AVT" € |71, 5] al) = 1A (10.5)

0
<<
raSS = aSTr).
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It contains the constants < p? and Sy < p®, therefore the
disseminator 55° restricts this proposition and it fulfills below
55"
Now let us reveal the situation below the prejump cardinal

2 l

« —a,
T2

By (7) fyTl € SIN,, therefore by lemma 85 1) ~y € SINZ*,
Since 6% < 7n and 5Sve SINZ*" lemma 3.8 [27] (for a3,
Vr, as a1, ag) implies 55 = = 7Yr_oOr 55° € SIN, 71 then by
the same lemma (for ~, as as) 55 € SIN,,.
From here and lemma 8.5 1) it comes out 5% e ST Ny <a? ; hence,
in proposition (10.5) we can replace 7° with a? by lemma 8.7
about absoluteness and due to lemma 8.5 5) (for O as ) it
comes out a, =0 contrary to (10.4).

_{

Now the special theory of matrix functions is developed enough
to start the proof of the Main theorem.



Chapter III

Applications of Special Theory

11  Proof of Main Theorem

The contradiction, which proves the Main theorem, is the fol-
lowing:
On one hand, by lemma 8.9 the function aS;al is defined on the
nonempty set
T ={r:a0* <~v, <o1}

for every sufficiently great cardinal «aj € SIN,.

Its monotonicity on this set is excluded by theorem 1.

But on the other hand, this monotonicity is ensured by the fol-
lowing theorem for every SIN,-cardinal «; > ad* of sufficiently
great cofinality. Remind, that bounding cardinals «; are al-
ways assumed to be equiformative with x*, that is there holds
A&(x*, 1) (recall definition 8.1 5.1 for x = x*, a® = aq).

Theorem 2.
Let the function ozS]fo‘l be defined on nonempty set
T — {7_ . ,YT<1061 < ,77_<061 < al}
such that o1 < k and:

(i) 7 =min{r : V7' (77" <5 — 7' € dom(aSJfo‘l))};

(i) sup SIN = ay;

103
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(111) cf(ay) = x**.
Then aS?al 18 monotone on this set:

V1, 9 € T™ (7'1 < Ty — anlalganZal).

Proof. The scheme of the proof is the following in outline.
The reasoning will be carried out by the induction on the cardinal
.

Let us suppose, that this theorem fails and the cardinal of
£

is minemal breaking this theorem, that is the function aS;al is
nonmonotone on the set

* <af¥ <o
T = {r: ')/T*al <M< ot}
1

with specified properties (i)—(ii7) for some 7, so that the first
inductive hypothesis holds:

for every oy < aj the function aS]fal is monotone on the set
T with properties (i)—(ii7).

It follows straight from theorem 1, that this oj is simply the
minimal cardinal «q, for which the set T* exist, because for
every such o < af the function oeS?al on T is nonmonotone
by theorem 1 and at the same time is monotone by the minimality
of of.

The reasoning will be conducted below «f (and all variables
will be bounded by «f), or below bounding cardinals a; < af, so
the upper indices < af, < af will be omitted for some shortness
up to the end of theorem 2 proof.

First, let us notice that in conditions of this theorem 2 there
holds

Y5 e SINT,

to see it one should repeat once more the argument applied before
several times (first in the proofs of lemmas 7.7, 8.10 ). Therefore
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it is not hard to see that for every sufficiently great 3 € To%
the interval [v.x, 7#[ can be considered as the block, that is

there exist some ordinals 7, 7§, n*3 which fulfill the statement
(remind definition 8.1 1.6 for X; = Sy, Xo = ay):

b % */ * # #3
Ay, ™, T, T3, M aanaaf)~

Here (due to this definition 8.1 ) 74 is the index of the matrix

Sy of unit characteristic a.» =1 on its carrier o » and

n*3 — the type of this interval.

Next, due to condition (7i7) of this theorem 2 we can use the
index 74 € T°T such, that the interval [’yTl*, ’yT;[ has just the

type
n* > Od(aSTl*r), '3 < x*T.

Now the formula K° starts to work and closes the diagonal rea-
soning:

There arises the matrix «S;x on the carrier o x along with its
disseminator §*3 = 57* and data base p*3 = pr#, and we shall
see, that by lemma 10.5 it has zero characteristic on this carrier.
Standing on the prejump cardinal «o*3 = aj_l; one should reveal

the following situation below o*3:

One shall see soon, that by lemma 8.8 disseminator 5*3 falls into
some maximal block [v,x, v*3[ below a*? of a type n*¥ < x*7,

where ~v*3 is some vf*o,‘*s. It is not hard to see, that
3

#3 #3 %31,
Vo SN TSN

so, there holds

Mb<io*3 (% st _% % %3/ <a*3 <q¥3
Ay (i, 71, 72,751 ;oS ay )
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All these facts together constitute the premise of lemma 8.5 6):

_ <q¥3 Tx3 <q¥3
a”T; = 0 A "}/7_1* < 5 < "}/TS*/ AN

Mb<a*3 s _wl _x _ss %3/ <a®3  <q*3
NAY (T4, 71, T3, T3 1) ;ST ay )-
Therefore this lemma implies

%3/ *3 *3 _ . k.
nT<pTvpT=EX

thus, at any rate,

Od(OéSTl*l) <,’7*3 < n*?)l < ,0*3'

But we shall see soon, that it is impossible, because by lemma 9.5
(about stairway cut-off from above) and lemma 11.3 below there
holds:

,0*3 < Od(OéSTl*/).

This contradiction will end the proof of theorem 2.

To realize this scheme some more information is needed.

The reasoning sketched above relies on the following easy aux-
iliary lemmas 11.1, 11.3, which are coming as its carrying construc-
tion and are describing some important properties of zero matrices
behavior; they were not presented earlier because of their rather
special character. For this purpose one should remind the formula
(recall definition 8.1 1.1 for X = aS7*")

Af‘al (11,72, 045’?0‘1) :
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m+1<mAam =min{r:]r,n[Cc dom(ozSJfal)}

AYEST € SINZO A 701 e SIN,

Remind also that we often omit the functions aSJf‘”, a?al in

notations of formulas below «1; recall that the type of interval
[V, 752 [ below ay is the order type of the set (see definition
8.11.3):

{v:9a™ <7 <5™ A SINTM (1)}

Beforehand one should delay on the following auxiliary arguments,
suitable to shorten the succeeding reasonings; with this aim one
should introduce the following notion:
an interval [71,72[ and the corresponding interval [y, v~ [
will be called the intervals of matrix admissibility, or admissibility
intervals, below «, if for every 7' € |, 72| there exist some
a-matrix S on some carrier > fy;al admissible for ’y;al below
.

vr'e|m, ol 3d,8,d p, 8T K= (d, 6 5N, A, S,
and 75 € SINy, 7% € SIN,, and 71 is the minimal ordinal
with these attributes.
Next, the following properties of any zero matrix S on its carrier
a admissible for =% along with its minimal disseminator s
with base p below «; should be treated for a; < af:

(la.) if 459 <™ <47 and § falls in the admissibility
interval [y=%, 5%, thatis 75 < 5 < R, then vt = 5;

(1b.) if there exist some zero matrix S! on some another
carrier o' # «, admissible for the same ~=% along with its
minimal disseminator ' with base p', then S on a is
nonsuppressed for y=' along with g, p below aj.
The testing of these properties will be conducted by the induction
on triples (ai,a,7) ordered lexicographically as usual (with oy



108 Chapter II1. Applications of Special Theory

as the first component, « as the second and 7 as the third).
Suppose the triple (af,a’, 7%) is the minimal violating (1a.) or
(1b.); so the second inductive hypothesis is accepted:

for every lesser triple (aq, o, 7) there hold (1a.) and (1b.).

We shall see, that it provides contradictions; the reasoning forth-
coming will be conducted below a(l), so the upper indices < a?,
< a(l) will be dropped as usual (up to the special remark, if the
context will not point out to another case clearly).

1. Let us begin with (1a.); suppose it is wrong, that is there
exist some zero matrix SY on its carrier a® > 7,0, its minimal
disseminator 69 with base p%, all admissible for ~,0, and §°
falls into the admissibility interval [y;0,7;0[, but

Yo < 60 < V-9 < Yp0, that is 5 = Vr0 s <) <7 (11.1)
From here and lemma 3.8 [27] it follows immediately, that
3 e SIN,

since 0° < 7,0, 00 € SINz=™ Yoo € SIN,,.
By definition of admissibility interval there exist the matrix ocSTg
on its carrier a0 admissible for 7.0 along with its minimal

disseminator 5739 with base p o (all below a?).

From the second inductive hypothesis it comes ng = 7,0; hence
lemma 3.2 [27] implies, that for every <7 € ]7,0,7.9[ the matrix
ozSTg possesses many carriers « € |y, vr+1| admissible for -,
which are nonsuppressed for this -, due to the same inductive

<0‘?).

hypothesis and so there holds AY(7, 79, S f

0
A1) A Ay (9,79, aS;al)
below af. The same arguments work below the prejump cardinal

a® . so there holds below % as well:

0<a®/ 0 0 <al¥
Ay (7'1,7'37045f )-
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It implies for the generating disseminator 50 of SO on ¥ with
the base p°:

~

5 < 0, (11.2)

because in the opposite case 50 falls strictly in the admissibility
interval ]v;0,7.0]:

~

Yro < 00 < 0, (11.3)

and then 00 extends up to a®¥ the II,,;-proposition about
admissibility of some matrices for every %<a00 > 770, that become

oy
even nonsuppressed for all such ~=¢

: by the second inductive

hypothesis (all it below a®%); hence, there arises the set T
with properties (i)—(ii¢) specified in theorem 2, contrary to the
first inductive hypothesis and theorem 1, that is to the minimality
of af.

From this place the reasoning passes to the matter below %,
and the upper indices < a®¥, < a% will be dropped.

Below o' the function «S; is defined on the interval 75, 74[
for Vr the successor of 00 in SI N,, by lemma 8.7 about
absoluteness. From here and (11.2) it follows

5 ¢ dom(aSy), (11.4)

otherwise it again comes (11.3) or 50 = Yro as the result of the
minimizing of 89 within [%{)7%?9[ contrary to the supposition
(all it below a®¥).

But (11.4) can be carried out only when the admissible matrix
ozSTg is suppressed for Vx> that is when there holds the suppres-

. " 5,0 .
sion condition Ag" for aSio on oo of the characteristic a,o

with the base pro (see definition 8.1 2.6 ) below o, — and now
all boundings should be pointed out clearly:

3
a9 =0 A SINS ™ (7,0) A pro < X*F A0 (X*, a9, Sp0) A
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/\377* < 77'3 (Asc<1a (77—0777 aS<a U| :g)’ <o U| 3)

7_

/\VT’(’}’TO <3¢ a® A SIN<%( <oy (11.5)
— 3a, §'[v5~ Yod < 'yﬁilu/\SIN<O‘IU(7§“0U)/\J(X*,o/,S’)/\
1y 1y
/\ASK'“ (’yTo,n a'l, aSF aF” )]))
Hence, there exist the cardinals

M <y < V70 < Vr and the limit type n*

which carry out all its constituents A — A% below a® (see
definition 8.1 2.1-2.5 ); in particular the interval [77{’777-39[ is the
block of the type n* due to the condition

ol ol oy
Ab<a (177—3777 aS<a |Z‘?7 7 |3)

from the condition A% (see definition 8.1 2.4, 2.3 ). Moreover,
there exist some its succeeding maximal block

[’yTg,’yfgaOU[ of the type =>n* below a’%. (11.6)

Really, let us take any cardinal

’ <t

¥ =5 e SING™ 75 >
such that below ¢
75 ¢ dom(aSF™). (11.7)

Then by (11.5) there exist some singular matrix S’ on its indi-
cated carrier o > ' with prejump cardinal o't preserving all
ST N,fo‘ou—cardinals < v/ and carrying out the condition below
o'V (recall definition 8.1 2.5 ):

<o/t <a’“ .
aS , );

Ag% (FYT:? s 7]* ) a ag
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it means, that the whole interval ['yTg, o/V[ is covered by blocks
*®

below o/t of types = n*.
block

Among them there exist the succeeding

[%gﬁfgalu[ of the type > 7",

s0 one can treat its subblock [ng,yjf"U[ of the type exactly n*.
2

Remind, the type n* is limit, thereafter for every -, from this
subblock there exist many different matrix carriers admissible for
such 7, due to lemma 3.2 [27] about restriction; after that due
to the second inductive hypothesis all of them are nonsuppressed
for all such corresponding 7, — and all it below o'V.

The same argument works below o and we return to the situ-
ation below this cardinal. From (11.7) it follows

<o/t <0t <at¥ <t
T4 =g, v €S5ING

and the interval [’yTg, ,Y%aou [ is really the block of the type n*, but

already below a%, which contains the admissible disseminator
60 of the matrix S° on af.

But it provides the contradiction. On one hand, S° is admis-
sible for 7,0 and then by the closing condition K it has the
disseminator 6° with base pY > n*. But on the other hand, the
preceding block [77{),77?9[ below o’ has the same type 7* and
by (11.2) its left end 7,0 can serve as the admissible disseminator

0

for S9 on o' with the same base p°, and thereby 50 < Ypo

due to the minimality of 59, contrary to supposition (11.1).

2. So, (1a.) holds for (af,a 7% and it remains to suppose
that (1b.) is wrong for this triple, and we return to the matter
below af; it means:
there exist some zero matrix S°' on the carrier % # o ad-
missible for 7° = 7,0 along with its minimal disseminator 501

and the generating disseminator 591 with the base oL,
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but still S® on a is suppressed for 7° = 7,0 (below a?); we

shall consider the minimal %' with this property.

Since zero matrix S° on o is admissible for +?, this sup-
pression means, that there holds the suppression condition (11.5)
below 04(1)7 that is for a9, Vrd replaced with a(l), ~0 respectively
everywhere in (11.5).

From here it follows that

a¥ <o,

because if a¥ > a, then the second inductive hypothesis states,

that S% on a®' is nonsuppressed for " below 04(1), and at
the same time it is suppressed by the same suppression condition.
Besides that S° on ' is the only matrix admissible for ~°
with the carrier o € ]7?, %[
Now this condition (11.5) with af, 7° instead of oV, V9 Tespec-

due to the minimality of a°l.

tively states the existence of the cardinals (we preserve the previ-
ous notations to stress the analogy with the reasoning in part 1.):

A< y* L V70 < A and the limit type n*,

holding all the constituents A% — AZ%; in particular the interval
[Y™,v*[ is covered by the maximal blocks of types nondecreasing
substantially up to the limit ordinal n*; [y, %{)[ is covered by
the maximal blocks of the type exactly n*; [779,70[ is also the
block of the same type n* — and so on.

All these conditions define ~™, v*, V-0, n* uniquely through
7% below af and provide the very special kind of this covering; to
operate with it one should use the following auxiliary .,-formulas
treating only the notion of admissibility (remind definition 8.2 5 ):

aK'(7): 3a',5" aK(v,a',8);

oK?(y): 3,8 3", 5" (o) # oA
raK(y,a', S A aK(y, o, S")).
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The first of them means, that there exist at least one matrix carrier
o' admissible for 7; the second — that there exist more then one
such carriers o' # o”; thus —aK!(y) means, that there is no
such carriers at all.

Since the type 7™ is limit, every maximal block [v;,vr,[ from
the covering of [v*, 77{)[ possesses two properties:

(i) if 4, isinnerin [vyr, Y[, 71 < T < 72, then aK?(y,) holds;
it follows from the second inductive hypothesis and lemma 3.2 [27]
about restriction;

(i) if 7, is the end of this block, then aK!(v;) fails.

It can be verified in the following way. Suppose that -, is the
right end, ~; = 75, then the existence of some S on &
admissible for -, provides the union of this block and of the
succeeding block [vVr,, V[ in the common admissibility interval
[V, Ve[ of the type 2n*. And again by the second inductive
hypothesis and lemma 3.2 [27] there exist several matrix carriers
o/ admissible for ~;, which become nonsuppressed for ~;, and,
so, the function Sy is defined on the whole interval [71,73[,
though [V, Vr[ is the mazimal block (all it below af). The
left end ~, =7, should be treated in the analogous way.

Hence for every 7, € [y*,7°[ there holds the A, ;-formula:

oK%(v;) v —aK (y,); (11.8)

it is not hard to see, that the same situation holds below '™ by
the same reasons. 5

Now the generating disseminator 6°! of S°' on «
work and realizes the restriction-and-extension method.
First,

0L starts to

501 .
07 < 705

in the opposite case

~ ~

’77-? < 501 — 501 < ’YO
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and 6% extends up to o®¥ the ¥, .;-proposition
Ve > 750 oK% ().

This fact along with the second inductive hypothesis provides the
definiteness of aSJfO‘mU on some nonempty set T’ o with prop-
erties (7)—(7i7) specified in theorem 2, contrary to the minimality
of af.

From 6! < Yy it follows

v* < 8 < 6% < . (11.9)

1

Really, the block ['yT{), 7°[ obviously provides the following %, 1-

formula (77, 7%, 7*) below a’l:

(9 < vp0 <7 A SING(Y) A AT (77, 70 7%) A

AVT € |71, 7'0[ aKNA’(%));

remind, here Aj2(71,7% n*) means, that the interval [%?,%.o[
has the type n*. _
The disseminator §°' falls into [vr0, /%[ and hence ¢! = Y70,

otherwise 00! < Y70 and by lemma 3.2 [27] there appear many
carriers of S%' admissible for this V70 then by the second
inductive hypothesis all of them are nonsuppressed for V-0; hence
the matrix function aSy becomes defined for 7§ contrary to the

minimality of the left end .0 by definition of the block notion.

Since 4§01 = Y705 the closing condition K° for S% on ot

implies n* < p°' for the base p°' of vgﬂl.
But then the generating disseminator §°! with this base restricts
the 3,41-proposition

/ / / / *
37—177— 90(7—177— » 1 )7
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because it contains only constants, bounded by p°.

Therefore below 3! there appear blocks of types = n* (again

due to second inductive hypothesis).

Now if 60 < 4*, then it violates the condition AZ% about non-

decreasing of covering types of [y™,7*[ up to n* substantially.
Thus (11.9) holds. Due to (11.8) below 6°1 there holds the

II,,+1-proposition

V(7" < = (@K (37) v —aK' (77)))

and the disseminator_ %! extends it up to a®'¥ by lemma 6.6 [27]
(for m=n+1,8 =6, ag = +v*, a1 = a®V). But it provides the
contradiction: (11.8) holds for v, = 7°, though there is exactly
one matrix S° on o’ below ot admissible for ~°.

So, properties (1la.) and (1b.) are carried out. Now one can return
to lemmas 8.5 8), 8.8, 8.10 (for a; < af):

(2) First one should dwell on lemma 8.8 1); now it is not hard to
receive (8.5). Toward this end let us compare two intervals

]77’1777’2[7 ]77'{777'2['
Due to (8.3), (8.4) &® contains in both of them, that provides

/VT{ < V115

otherwise 77, <,y and (8.3) causes the existence of some matrix

S' on its carrier ! with the disseminator 0' and base p!

admissible for ~,,. By lemma 3.2 [27] St receives its carriers

admissible for every ~, € |6}, ’yT{] along with the same 5t pt. So,
there arises some admissibility interval [y, yr,[ with v <~y
and by (la.) &% = Yrr contrary to (8.4). Thus there holds
Ve < ¥r, and along with (8.3), (8.4) it implies (8.5), that provides
the rest part of lemma 8.8 1) proof.

Turning to lemma 8.8 2), let a-matrix S of characteristic a on
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carrier « be admissible for = along with its disseminator

a
6 and base p below «j; one can prove
(r':6 < VoM <7} € dom(aST™)

by the reasoning already used above:

for every ~5% € ]g, v=[ there exist many admissible carriers
of the matrix S by lemma 3.2 [27], therefore all of them are
nonsuppressed due to (1b.), hence 7’ € dom(aS]fal).

By the similar reasons in lemma 8.10 the function oeS?al is
defined on the whole interval Jarf,ar*![ for any «; > ad*l,
a1 € SIN,, and ad* = y,,x is the disseminator of the matrix
aS>%, onits carrier %), with the base ap*l = P

The similar reasoning in lemma 8.5 8) proof should be used. To
finish this proof for the nonsuppressibility one should notice, that if
S along with &, p has a carrier o admissible and nonsuppressed
for v only in [y;}, 1], then 4=} restricts the SIN -

proposition

3o/ (v < & A aKp—a(8, v, 77, ¢/, p, S))

for any ~ € ]y, 771, therefore S receives many carriers

< <o

in ]y, 27| admissible for =1, that also become nonsup-

pressed for v=* below «; by (1b.).

Next lemma shows that intervals [y, v [ of the ma-
trix function an<a1 definiteness with the minimal left end
15 € SIN;®  are composed in a special way: for every
SIN;*-cardinal =% € ]fyflal,'yéal[v the matrix aS=*  has

<1

zero characteristic and disseminators 6, < 0, = 7% below aj:

Lemma 11.1
Let

(i) AT (11,72);
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2

(ii) S% be a-matriz of characteristic a®> on a carrier

o € Iy5™, an [

admissible for y=* below oy along with its minimal dissemi-

nator 6 with a base p®> and with generating eigendisseminator
552,

Then . -

09" <% =75 and o =0.

Proof. The upper indices < a1,<1 a; will be dropped for short-
ness as usual.

Let us consider the a-matrix S? on its carrier a? admissible for
Y, along with the minimal disseminator 52 of the base p? and
with the generating eigendisseminator 52 = 552, and examine the
situation below the prejump cardinal o2¢.

1.  Suppose that, on the contrary, this lemma is wrong and

62 £ -, so it comes
\5/2
T < < Vrp-

By definition ~,, € SIN,, and, hence, 7, € SIN=***. Due to
this fact and lemma 8.7 the admissibility below «; is equivalent
to the admissibility below 2! for every v € [X*, vn [

Then the generating disseminator 0% extends up to a?¥ the
I1,,+1-proposition stating the definiteness of the function aSJfO‘QU,
as it was several times above, for instance, in the form:

vy ('yn <~ ASIN, 1(/') = 3, S aK(’y',a,S)).

After that there appears the function oszfaQU defined on the set
with properties (i)—(i4i) from theorem 2:

T — {7 < 7T<O‘2U < a%},
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because for every 7€ 7°* there appear some matrices on many
carriers admissible for ’yfo‘w which are nonsuppressed for %_<a2U
due to arguments (1b.), (1a.); but it contradicts the minimality of
aj.

2. So, 82 < Yr,; moreover, there holds A°(7). Suppose it fails
and there exist some o-matrix S! on its carrier a' admissible

for 7, along with its minimal disseminator &' = Yo with base

p'; hence 7§ < 7. By lemma 8.8 |ri,7[ € dom(aSs) and,

so, for every 7 € ]7r{,7o[ there exist some a-matrix on a carrier
admissible for ~;. Therefore there arises some admissibility in-
terval Jri’, 7] with 7/ <71{ < 7. Dueto (la.) %= Vv and
by lemma 8.8 |7}, 5[ € dom(aSy) contrary to the minimality of
71 stated here in (7).
3. Thus A%7) and, hence, A{(r;,72) hold on; thereby
lemma 10.5 implies a® = 0. At last again by (la.) there comes
62 =,

_1

Let us turn now to the following suitable notion that already
was used above several times, but further it will play the key role;
thereby it should be emphasized in the following

Definition 11.2
Let S be a matriz on some carrier o along with its dissem-
inator § < y=*  with a base p.

1) We say that S leans on § on this carrier o below o

- Y
if & falls in some block [y=°', v X[ of type n, that is if there

1
exist ordinals T1, T, T2, T3,n such that

<o

N <al b<iat /
77'1 < d < 77-3 A A4 (T177_177—277—3777)'

If in addition this block is the mazimal below oV and n < p then
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we say that S leans on 5 very strongly.

2) Let a cardinal v € |x*,a'] be covered by blocks; this
covering is called n-bounded (below o) if all types of blocks in
Ix*, '] are bounded by some constant ordinal n < x**

V' <o V1], 7,0 (X < 7<,°‘U < ’y<,au <UA

AP (] ) - < ).
_|

Part (I) of the following lemma comes out as the carrying con-
struction of the further reasoning; part (IT) will be used at the end-
point of the proof of theorem 2 strongly. Here one should remind
the notion of stairway and its various attributes, that were intro-
duced just before lemma 9.5 by means of formulas 1.-8.; such stair-
way, being defined below the prejump cardinal o = o' of matrix
S carrier « by means of the formula Agmall (St,aSJfai} a?au),

should be used as the function on y**
St = ((Tlﬁv 7-57 TZB))Q<X*+7
so, that for every (3, 81, Bo:
() B<x*T > << TQ’gAA%Stan(Tlﬁ,TE,TQ , S<O‘U ?au),

that is [’yﬁ;au,'yi;au[ is the maximal unit step below aV:

t<gat <al  <al M<at <al
At (7'15,7'5,7'2,(15’0‘, o‘) A7 <’o‘( Sa),

(i) 1 <Pe<x*™ —

—>7'251 < 7'1 A OdaS (T1 ,T. )< OdaS<a (7'1 , 52),
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that is such steps are disposed successively one after another and
their heights are strictly increasing;

(iii) supg OdaS]fo‘u (Tlﬂ,Tf) = x*t,
that is h(St) = x** and heights of these steps amounts strictly
up to x**;

. : . v Y
(iv) for every maximal unit step [y5%, 75 [ below al the

corresponding triple (71, 7y, 72) is the value of this function. ')

Respectively, this stairway St terminates in v(St) = ol, if
its steps are disposed cofinally to a!, that is if there holds the
property H(a'):

vy < altig < X*+E|7'15,7'E,Tig, (7 < ’y:ﬁau < W:BO‘{L <ala
1 2
A St(ﬁ) = (TiB,TE, 7_26))

Lemma 11.3
For every matrixz S of zero characteristic on a carrier o« > x*:

(I) S on « is provided by some stairway St.

II) This stairway St terminates in oV, that is
Y

v(St) = a¥ = sup {42 138,71, 7 SHB) = (11,7, ) }-

Proof 1. Let us consider any carrier ag > x* of the matrix S°
of zero characteristic on oy and af = ozlol.

By lemma 8.5 5) there exist 7, 74, 75 such that below o

0 0 0 0
ATV, 19, T3, STY) AVT" €7y, 7] 4 =1 A oszéa =50

7-//
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and from here it follows af,o‘o = 1. Now let us consider S° on
2

the carrier ag = af,o‘o and o? = ozg. By lemma 10.3 there are
2

’on 7 ’ "
Tw, T such, that 7 <7, <7 and
Ast<]a2 ' S<0¢2 <a? AM<]O‘2 ' S<a2 . (11.10
1.1 (7—177-*)7—2’0‘ f 7a’f )/\ 1.1 (7-177—270‘ f )7 ( : )

0daS7e" (1], 74) > 0d(8°). (11.11)

Let us enumerate all the triples of ordinals (77, 7., 74) possessing
property (11.10) without omission in the order of increasing of
their first components, that is let us define the function

St=((r),72,7))

with property (i) of the stairway presentation above for o' = as;
statement (ii) comes after that from corollary 9.6 for a3 = o?.
From here and (11.11) it follows that the ordinal OdozS’]fo‘2 (Tlﬁ ,70)
is strictly increasing along with 3 up to x**; in the opposite
case it is possible to define below a? the upper bound of the set
of these ordinals

pe [0daS7" (], 7)) x**[
and then by lemma 4.6 [27] about spectrum type
p < 0d(S°)

in spite of (11.11). Thus dom(St) = x**; statement (iv) is
obvious due to the construction of St.

So, statements (i)—(iv) are proved for the carrier as of the matrix
SY and on s it is provided with this stairway. Then by lemma
5.11 [27] about informativeness the matrix S is provided by some
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stairway St° on its carrier g as well, because this property is
the inner property of S° (see comments before lemma 9.5 ).

II. Turning to statement (II) let us suppose that it is wrong and
this St terminates in some cardinal v° < o = o0¥:

UO = Sup {,77<2a0 : 3537—177_* Sto(/B) = (7_1,7—*77_2)};

evidently, v” belongs to SI N,fo‘o and has the cofinality x*.
The rest part of the reasoning relies on the method which may be
called sewing method; here is its outline (below a?):

Considering some cardinal v one can face with the situation
when there are cardinals ~, < v disposed nearby this v and
such that the function «S; is assumed to be not defined for the
corresponding 7; therefore such cardinals v, < v may be called
“holes” in the set

v {77 e dom(aSy)}.

In order to get over this situation and, nevertheless, to see aSy
be defined for such holes, one should perform the following two
steps:

It should be discovered some o«-matrix S on a carrier a > v
of some characteristic a along with its generating disseminator
0P < v and its base p so, that the interval [6”,v[ contains such
holes.

At the same time it should be discovered some cardinal

v e [gp,v[ N SIN,

which along with S, p destroys the premise of the closing con-
dition

KO(a’ ’767 Oé, p)
or fulfils its conclusion and therefore holds it on, and cause of that
by lemma 6.8 1) [27] 7° becomes also the admissible disseminator
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of S on « with the same base. Moreover, one should see that
this new disseminator is admissible and nonsuppressed for every

776{773’76<'YT<U}’

because this condition trivially fulfils for +, and, hence, the whole
statement of admissibility

aK(a,v’, v, a, p, S)

holds for many carriers a > v, of the matrix S too. Therefore
due to argument (1b.) the function «S; is found to be defined
on the whole set

{T:7° <7 <0},
and thus it happens the “sewing” of the interval [y%, 0] — it
means, that this set includes in dom(aSy) and this interval does
not contain any holes in spite of the assumption.
The contradiction of this kind will help to advance on the proof
of lemma 11.3, and, hence, the proof of theorem 2 at each critical
stage.

So, let us consider as such v the cardinal v! € ST N,fao which
is x** by order in SIN;O‘O, that is the set

o' A SINZ

1 0

has the order type x*T; this cardinal v
to v < a?, cf(v0) = x*+.

Since v!e SIN=®" and cf(v') = x**, there exist the J-matrix
S1 of the characteristic a' reduced to x* and produced by the
cardinal v! on the carrier o! < a with the prejump cardinal
a'V = v! and the generating eigendisseminator ol =455 <ot
with the base p! = p5 by lemma 6.13 [27] (used for m =n +1,
ap = v!, a1 = a’) and the function

< v” really exist due

£(8) = OT(8 ~ SIN);
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we shall consider the minimal a! for some definiteness.
We shall see, that it provides the contradiction: there arises certain
set

TV ={r:y<¥ <ov'}c dom(an“l)

meeting all the conditions of theorem 2 (for v!' instead of a1),

contrary to the minimality of «f; this contradiction shows, that
in fact the stairway St° terminates in the cardinal v¥ = ¥ = ag .
This effect will be achieved by the sewing method applied to wv'.
First, there arises the covering of the interval [0}, v![ by maximal
blocks (below wv'). Suppose it is wrong, then there exist some
cardinal
1 <vl 931 1

v e SINSY n 6, v |
which does not belong to any block (below wv!). Therefore this
~! can serve as the disseminator

5l

with the same base p' by lemma 6.8 [27] (for m = n + 1)
admissible for every ~, € ]6%,v![, since there holds the closing

Aq-condition K°(a!, 51, ot ph)
1 _ rono 11 11 <all Tl <all
(a =0->Vr,7,7, 73,0 < a [%{ <94 <7t A
(11.12)
AAY (2l o @S a7 ) o < ot v pt = x*T])

I

due to the failure of its premise Ai\/[ < Now the sewing method

works: for every ~, € |6%,v![ and for
Yen =sup{y <y, 1Y€ SIN;“l}
there holds the II,_o-proposition go(al,gl,%n,%,al,pl,Sl):

v <al A SIN;“IU(%TL) A aKfLH(al,gl,%.,al,pl,Sl)
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stating, that S' on o' is admissible for v, along with the

same al, gl, pl. Then the SIN,_i-cardinal ~,;1 restricts the
>.n_1-proposition

Ela(% <an g@(al,gl,'yTn,fyT,a,pl,Sl)) (11.13)

and therefore in ]vy;,7v,+1[ there appear many admissible for
v carriers « with this property (11.13) and it provides the
contradiction below wv!:
if a' =1, then they are all nonsuppressed by definition; if a' = 0,
then they are all nonsuppressed for ~; by argument (1b.) above;
anyhow the sewing of ©! happens: there appears some set T
of the function oeSval definiteness with properties (i)-(7iz) from
theorem 2 (for a; = v!), contrary to the minimality of «f.

So, the interval [51, v![ is covered by maximal blocks below
v! and there holds

AL (", S0

stating the covering of [y™,v![ by the maximal blocks below !

and the minimality of the cardinal 4™ with this property (remind
definition 8.1 2.1a., 2.1b.).
The rest part of this lemma 11.3 proof is conducted below v
and the upper indices < v', < v! and notations of the functions
aSJfUI, a?“l will be dropped as usual (when the context will point
out them clearly).
Here the final contradiction of this proof comes:
this covering cannot be n-bounded, and at the same time it have to
be n-bounded below v! (remind definition 11.2 2) for ot = v!).
Really, this covering cannot be n-bounded, because in the
opposite case there exist some constant type of its maximal blocks,
disposed cofinally to v!'. The minimal type n' of such types is
obviously defined below v!' = o'V and by lemma 4.6 [27] about
spectrum type there holds

n' < 0d(S') < pl.

1
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Here again the sewing method works. Let [vr,7Vr[ be the max-
imal block in [gl, v![ of this type n' with the minimal left end
Yris then SIN,-cardinal 7, again can serve as the disseminator
§Y =+, for S on a! with the same base p!.

And again proposition (11.12) holds (where ot should be replaced
with §'), but now because S' on «a! leanson ¢ very strongly:

<ot _<all

there is the single maximal block [y 754" [, that is precisely
3

T{ ’
[¥r1,vr[ of the type n', which contains 6V and which meet
its conclusion n' < p'. And again there holds (11.13) for every
v, € ]6¥,v1[ and there arises some set T in the same way,
contrary to the minimality of «f.

Thus the covering of [y™,v![ must not be n-bounded, that is
the types of its maximal blocks have to nondecrease up to x**
substantially (below v1):

vy < x*T 3y <ot o, 0 (v < Vrg < vl A (11.14)

AAYY (7] 75 ST aF) - < 1)

But it provides the contradiction: infinitely many values of the
matrix function aS}fvl become suppressed (below v!), though
they are nonsuppressed by definition 8.3 of this matrix function.

To see it one should apply the reasoning mode, that may be called
the “blocks cut-off from the right” and that consists in the “short-
ening” of the blocks, which are “too long”, from their right ends.
This method works here quite well because this covering is not
n-bounded and therefore it is working on these blocks as the sup-
pressing covering — more precisely, holding the condition (see def-
inition 8.1 2.4 for X; = OéSf<U1|T, Xo = a?”1|7'):

1 1
A?)C4 (77'7 77*7 aS?U |T7 a?U |T)

for some ~™, v*, ', n* and for infinitely many cardinals -,
disposed cofinally to o'
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The cardinal ™ here is already defined above as the minimal of
blocks ends covering of the cardinal .

Next, the ordinals «v*, n* can be defined here in different ways, for
instance, as limit points of the following sequences due to (11.14)

below v! (the notations ozSval, a?“l will be dropped):

m,

Yo =73

m =sup{n: 3r, 72 (v <Y <% A AP (11, 7,m)) }
Yigr =min{y : 37,70, (v <Y <Ym =Y AN <A
AAME (1 . m) A vy, 7, (v < Vop < VA (11.15)
nAY (1) = <)) }:
n* =supn;; " =supy;.
1EWQ 1EWQ

Since this covering is not n-bounded, there exist the maximal
block in [v*,v!]

[V, vz [ of the greater type n*t > g%

and one should take such block just with the minimal left end
Ve > ~*. Therefore this block includes the initial subinterval

[771*,7*1[ exactly of the type n*,

which is also the block (not maximal) with right end ~7*! € SIN,,,

%1 _
’7 - 77'2*1‘

Hence, there exist the matrix
S*l = OZS7,2*1

on its carrier o*! = a_s1 of the characteristic a*l = a_s1,
2 2

which is admissible and nonsuppressed for v*! along with its
disseminator ¢*' = (572*1 with the base p*! = Prxi by definition
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(all it below o!).

But at the same time this matrix S*' and all its accessories are,
vice versa, suppressed for 7*! because there holds the suppression
condition Ag’o for them below v! (remind definition 8.1 2.6 and
also (11.5) ), which has now the form:

a* =0 A SINZV (7)) A p*t < x*F A o(x*, a*, S A

At r <yt (77 = A AR M e aST e ) A

1

VT (7‘ <7 A SIN;Ul(fyj“ ) — (11.16)

— 3/, S'['ﬁ“l <d < 75111 A SINTTO‘IU ('yjyl) Ao(x*, a8 A

-
/\Ag%(v*l, 77*7 a/{j’ OéS?a/U, a?all})])).

Here actually a*' = 0 by lemma 11.1; SIN,fUl(v*l) by def-
inition; p*! < x** since o' is x** by order in SINV';
o(x*,a*, S*Y) due to the admissibility of S*! on a*!' for ~*!;
A" holds since types of ~* covering are nondecreasing up
to n* substantially by (11.15); and the maximal blocks from the
interval [’y*,’yTl*[ have the constant type n* due to the mini-
mality of Ve and it remains only to check the condition AZ%
from (11.16). To this end one should apply the usual restriction
argument:

Every block [vr,,7m[ in [y*,v![ has the type n = n* due to
(11.15) and that is why there holds the following II,_o-formula
¢(’Y*1; n*, Ozl, Sl, aS?alu,a?aw):

%1 <all <a1u)
)

J(X*7a1’Sl)A g.cf)(’Y 377*7051Uaasf aaf
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where AZ% is the Aj-formula (see definition 8.1 2.5 ):

1y 1y
vy’ (v*l <o <ot =3 (T <A <t A

M<a®™, 1+ 1 4 <all <ol , «
AN AT (T, T, aSEY T aFY ) A >n*)).

Now one should take any ~. > v*!, v € ST N;“l; by lemma
3.2 [27] about restriction SIN,_j-cardinal ~, .1 restricts the
Yn_1-proposition 3o’ Y1 (y*, n*, o/, v,):

3038 [v < o A SINZY (v7) A

APy, S s ],

and some carrier o/ of matrix S’ with this property appears in
17+, 77 +1[. Thus below v!' there holds the proposition:

1 1
vr! (7'2*1 <7 ASIN;Y (yp) — 3 < ypryq P (7*1,17*,0/,%/));

as the result the whole suppression condition (11.16) is carried
out for the matrix S*! on its carrier o*' and it cannot be the
value of the matrix function ocS]f”l below v! contrary to the
assumption.

_{

Here the final part of theorem 2 proof comes to its close. Again

all reasonings will be relativized to «af and therefore the upper
ES

indices < af, < of and the denotations of the functions aS;al ,

*
<af

a; will be dropped.
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By the supposition this theorem fails for the minimal cardinal af,
so there exist 75, 75 such that there holds

Ao (1’ 75, 73)

where, remind, 7 is the minimal ordinal in Tf and where T
is the minimal ordinal at which the monotonicity of a.S; on ot
is broken; let us consider any arbitrary great ordinal 75 from the
set

Z* ={1:75 < <aj Avyr € SIN,},

and consider the corresponding cardinals

V=, =13,

and the matrix S*? = aS;+ on the carrier a s of the charac-
2 y

= O3 with the prejump cardinal o*? = o s and its
2

teristic a*

generating eigendisseminator 52 = gf*
2
But the main role will be played by the matrix

S*3 = aS,x on the carrier o
3 3

for this 7§ € Z* with the prejump cardinal o*3 = aﬁ*, and the
3
generating and floating disseminators

5% = ET;, 53 = 57;‘ with the base p*3 = Pri-
From lemma 11.1 (for 7§, 7,aS;, ar, af as 71,7,5% 0%, a1) it
follows: B
VreZ* (ar =0 A6 =77). (11.17)

Now the following cases come:
' such

Case 1. a*2=1. Then by lemma 10.3 there exist T
that
As(rf, ' 73, 75). (11.18)
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where, remind, the matrix O‘Srl*’ has unit characteristic on its
carrier 047_1*1.

From this moment one should use only the ordinal 73 such that
the interval

V1 ves [
has the type
n*? > Od(awS,m);

the existence of such ordinal 735 follows from conditions (i), (7i7)
of this theorem 2.

Let us consider the following subcases:

Case la.  Suppose that

OtSTl*/ < p*3.

But it is excluded by the restriction-and-extension, providing the
following argument that may be called the “stairway cut-off from
above” and that consists in cutting of heights of stairway steps.

The matrix S+ of unit characteristic has the admissible carrier

0471*’ € ]5;:7’7;[ )

since 5~§‘ = 7. By lemma 3.2 [27] this matrix receives its carriers
of unit characteristic disposed cofinally to 6*3 < ¢*3 and therefore
there holds the II,i-proposition below §*3:

Yy 3yt >4 38, p (SINn,l(yl) A aK(1,0,9, a, p, ozSTl*/)),

and due to lemma 6.6 [27] (for m = n + 1) this disseminator
extends this proposition up to the prejump cardinal a*? and, so,

S w receives its admissible carriers of unit characteristic below

a*3 disposed cofinally up to a*3.

By lemma 11.3 there exist the stairway St terminating in o
but by lemma 9.5 2b. (about stairway cut-off from above, where

3

)
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ai, SO are replaced with «o*3, aSTf") this stairway St is im-
possible, because all steps St(3) of this stairway receives heights
less then the ordinal

Od(aS.») <x*",

though they amount up to x** by definition.
Case 1b.  So,
,0*3 S Od(CKSTl*I)

But recall that here is used the type
77*3 > Od(aSTl*/)

of the block [~,75[ -

Due to (11.18) there exist ordinals 74, 7%, such that for a*3 = aﬁ*

there holds ’
Ai\/lbqo‘*a(Tf,Tf',T;,Té,ng). (11.19)

These ordinals 77, 77, 75, 74, 7} are uniquely defined through x*,
¥ =6* below o** and it is not hard to see, that

From the admissibility of S*3 on o x and lemma 8.5 6) it comes

%3 %3 %3Y.
;0 ,OZT;,[) )

now the proposition K°(a

*3 = *3
a*3 =0 —s V1|, 7, 4 [%7& <o < *yféa A

Mb<ia®3, 1+ 1 1 4 <a®*3 <a*3 / %3 %3 okt
NAY (7—177-177-277—377’7an y Ay ) <ptvpt=x .

Here again the block [’y<°‘*3, 720‘*3[ is defined through §*3 = 0%

]
uniquely and therefore

T3 _ _x _ _<a¥®3 %3 I
0 =y =nt o, TSy =1



11. Proof of Main Theorem 133

From here, from (11.17) and (11.19) it follows that S*3 on 0

leans on §*3 very strongly and
3
aSTf" < p*

contrary to the condition of this subcase.
Case 2. a*?> = 0. In this case below the prejump cardinal
a*? = aﬂ* there holds

2

Vy <5 A1 (v < 'yfa*Q Aaz® =1).

This proposition obviously follows from lemma 11.3 because there
exist some stairway St of unit steps disposed cofinally to «a*?.
From here and lemma 10.4 comes the existence of the ordinal 77
for which (11.18) holds again (we preserve here the notation from
case 1. for some convenience). It remains to repeat literally the
reasoning coming after (11.18). The proof of theorem 2 came to
its close.

_{

Now let us sum up.
All the reasonings were conducted in the system

ZF + 3k (k is weakly inaccessible cardinal);
there was considered the countable standard model
M = (LXo, €,=)
of the theory
ZF +V = L+ 3k (k is weakly inaccessible cardinal),

where any weakly inaccessible cardinal becomes strongly inacces-
sible.
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In this model the matrix functions were considered; such function
aSJfal is defined on any nonempty set 7!, which exist for any
sufficiently great cardinal a; < k, a; € SIN,, due to lemma 8.9.
It provides the final contradiction: let us take any SIN,-cardinal
a; > ad* limit for SIN, Ny of the cofinality cf(a1) = x**
providing such nonempty set 7% with properties (i)—(iii) from
theorem 2, then the function aSJfo“ is nonmonotone on this 7!
by theorem 1 and at the same time is monotone on this set by the-
orem 2.

This contradiction ends the Main theorem proof.
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12 Some Consequences

Let us return to the beginning in the Introduction [27] where
the diverse well-known interrelations between Large Cardinal Hy-
potheses, Axiom of Determinacy, the regular set properties, etc.
were mentioned (see Drake [8], Kanamori [9]). Here we shall set
forth some easy consequences of such results and the Main theo-
rem.

I. Large Cardinal Hypotheses

The hierarchy of large cardinals arranges them “by the extent
of inaccessibility” and bases on the (weakly) inaccessible cardi-
nals. The existence of some of them (Mahlo cardinals, weakly
compact, etc.) is directly forbidden by the Main theorem. Hence,
there are no cardinals possessing stronger partition properties,
for example, indescribable, Ramsey, Erdos cardinals and others;
the measurable cardinals do not exist also since they are Ram-
sey cardinals. In some cases in the proof of the inconsistency of
Large Cardinal Hypotheses AC can be used, but it is possible to
avoid it, deriving from such hypotheses the existence of model of
ZFC + 3 inaccessible cardinal (see Silver [29] for example).

We omit the reformulation of this results in terms of filters,
trees, infinitary languages etc.

II. Singular Cardinals. Sharps

By the nonexistence of inaccessibles every uncountable limit
cardinal is singular. It is known that in ZFC every succes-
sive cardinal is regular. Hence any cardinal is singular iff it is
uncountable and limit.

It is well-known the remarkable result of Jensen: the negation
of the Inaccessible Cardinal Hypothesis implies the Singular Car-
dinal Hypothesis (see also Stern [30]). The non-existence of inner
model with a measurable cardinal implies the Covering Lemma
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for the core model K: for every uncountable X € On there is
Y e K suchthat X €Y and |X|=1Y|

From here the Singular Cardinal Hypothesis comes out (Dodd,
Jensen [31,32]). So, the nonexistence of inaccessibles provides
this Covering Lemma and the Singular Cardinal Hypothesis.
This situation sheds a new light on the problem of sharps.

It is well-known that the existence of 0 implies the existence of
cardinals inaccessible in L (Gitik, Magidor, Woodin [33]). Hence
0% does not exist; this result implies the Covering Lemma for L
by the celebrated theorem of Jensen (see Devlin, Jensen [34]).
From here and the famous result of Kunen, establishing equiva-
lence of the existence of elementary embedding L < L and the
existence of 0Ff, it follows that there are no elementary embed-
dings L < L and, next, there are no elementary embeddings
Lo, < Lg with a critical point less than |«

ITI. Axiom of Determinacy

It is known that AD implies certain Large Cardinal Hypothe-
ses. For example, Solovay had proved, that AD implies the mea-
surability of the cardinal wj; cardinals ws, wyi1, wWwi2 also
are measurable (see also Kleinberg [35], Mignone [36]). Besides
that, AD implies that cardinals wi, we are J§-supercompact for
inaccessible cardinal 0 (Becker [37]). Mycielski [38] had proved
that the consistency of

ZF + AD

implies the consistency of
Z FC + 1 inaccessible cardinal.

Hence, AD is inconsistent and it is possible to define more ex-
actly its inconsistent part:

Namely, AD(X}) is equiconsistent with the Measurable Car-
dinal Hypothesis (Louveau [39]). So, there exist undetermined
E%—games.
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Also, using AC,,(“w), one can prove —Det(I1}) (see Kanamori [9]).
Therefore in
ZF + AC,("w)

there exist undetermined IIi-games. This result can be hardly
improved because every Al-game is determined (Martin [40]).

IV. Continual Sets

There are well-known series of outstanding results linking the
regular set properties with large cardinals (by the relative con-
sistency). For example, Shelah [41] established the necessity of
inaccessible cardinals for the proposition that every set of reals
is Lebesgue measurable; the measurability of E%-sets implies the
inaccessibility of w1 in L (see also Raisonnier [42]). From here
it follows the existence of unmeasurable Z%—Set of reals. Analo-
gously, the consistence of

ZF + DC+
+ (every uncountable set € “w has the perfect set property)

cannot be proved without the Measurable Cardinal Hypothesis
(see Mycielsky [38]). Besides that, the following hypotheses are
equiconsistent over ZF':

1) AC' + 3 inaccessible cardinal;

2) DC+ every uncountable set of reals has the perfect set property;

3) wi is regular + wy £ 240;
: w L[a]
4) wy is regular + Va € Yw (wl < w1>

(see Solovay [26], Specker [43], Levy [21]). So, DC implies the
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existence of a set of reals without the perfect set property and the
regularity of w; implies

L
w1 < 290 A wy [a] £ w1

for some a € “w. Also it is well-known that the Weakly Compact
Cardinal Hypothesis is equiconsistent (over ZFC' ) to the state-
ment about the regular properties of all continual setsin ZF+M A
(Harrington, Shelah [44]). Hence, the Main theorem implies the
existence of uncountable sets < w, without regular properties.
These results should be made more precise; for example, Solovay
[28] proved that for any a € “w wlL ] < Wy is equivalent to the
perfect set property of every I3 (a)-set of reals. From here it comes
now that the regularity of w; implies the existence of II}(a)-set
of reals without the perfect set property for some a € “w.

V. Martin Axiom

The consequences of the results of Harrington, Shelah [44] and
the Main theorem mentioned above should be formulated more
exactly, for example, in the following way:
MA implies the existence of Al-sets without the Baire property
and unmeasurable Yi-sets < “w.
Kanovei [45] had proved in

ZFC +MA+|R| >w +Vo S wy wf[x] = wy
the consistency of
ZFC + 3 inaccessible cardinal.
Hence, M A is inconsistent in

ZFC + |R| > w; +Vz S wy wlL[x] = wp.
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The host of other consequences of the Main theorem is too long
to enumerate; so, the author intends to represent the more detailed
analysis of such consequences in publications forthcoming.
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Comments

9 p. 31. This last refinement is not necessary and the Main
theorem proof can be conducted without it, but still it should be
accepted in order to shorten the reasoning forthcoming.

10) p. 42. This definition has been presented earlier (Kise-
lev [15-17]) by means of the uniform text, but now here it is split
into parts to clarify its structure.

1) p. 45. This closure condition K° operates as the condi-
tion K° used earlier (Kiselev [15-17]), but in the more managing
way, because now it manages quite well without the subformula

v
('y;ax =~ — lim(y)), which caused the significant proof compli-
3
cation.

12) . 47. This notion could be introduced in the nonrelativized
form for a1 = k as well, but it is not used in what follows; besides
that, in this form it requires the more complicated non-elementary
language over Ly.

13) p. 95. It can be proved, that here 6= = YRt

T2

< <o

14) p. 96. Again actually here 6T<20‘1 =75

141
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15) p. 98. In fact here a5* =1 on ]r,7[; and again

—~ T
<o1] <1
67’2 - 7’7’1 .

16) p. 120. This condition is not necessary in what follows,
but it is still accepted to make such stairway be single for some
convenience.
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